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Abstract
Quel est, ou pourrait eˆtre, la topologie globale de la partie spatiale de l’Univers ? L’Univers entier
(pre´cise´ment, l’hypersurface spatiale de celui-ci) est-il observable ? Les mathe´maticiens, les physiciens et les
cosmologistes observationnels ont des approches diffe´rentes pour aborder ces questions qui restent ouvertes.
What is, or could be, the global topology of spatial sections of the Universe? Is the entire Universe (spatial
hypersurface thereof) observable ? Mathematicians, physicists and observational cosmologists have different
strategies to approaching these questions which are not yet fully answered.
Un atelier international d’une journe´e a eu lieu a` Paris pour les chercheurs de ces domaines comple´mentaires,
pour introduire leurs sujets et pour pre´senter des revues autant que les derniers re´sultats de leurs travaux.
Mathe´maticiens, astronomes et physiciens y ont participe´s. L’atelier a e´te´ organise´ dans le cadre du PNC
(programme national de cosmologie).
Merci a` tous les participants, a` ceux qui ont pre´sente´ leur travaux ainsi qu’a` ceux qui ont e´coute´ et participe´
aux de´bats. Merci aussi a` l’Observatoire de Paris, l’Institut d’Astrophysique de Paris et le PNC pour leur aide.
Ce compte rendu est constitue´ de trois articles the´oriques : celui de Ratcliffe et Tschantz sur un objet
mathe´matique utile pour la gravite´ quantique, l’instanton gravitationnel; une exploration des liens e´ventuels
entre une constante cosmologique non-nulle et la topologie cosmique par Lachie`ze-Rey; et e Costa et Fagundes
ont pre´sente´ un potentiel V (φ) qui pourrait donner naissance a` un univers multi-connexe, hyperbolique et
compact; et de quatres articles observationnels : une revue par Roukema; un rappel par Wichoski que vu les
difficulte´s pratiques des me´thodes statistiques a` 3-D et a` 2-D, la recherche des images topologiques de notre
propre Galaxie ne doit pas eˆtre oublie´; un e´clairci par Inoue sur le vif de´bat actuellement en cours concernant
les analyses des donne´es du fond diffus cosmique de COBE pour les mode`les hyperboliques et compactes; et un
re´sume´ de la me´thode de la reconnaissance des sche´mas des taches par Levin & Heard.
Nul peut pre´voir en ce moment quels e´le´ments the´oriques et observationnels seront les plus importants,
meˆme si chacun de nous a ses propres intuitions. . .
Cet atelier de de´cembre 1998 a suivi le premier du septembre 1997 a` Cleveland, et comme il vient d’y avoir
deux se´ances paralle`les sur la topologie cosmique et les 3-varie´te´s hyperboliques a` la re`union Marcel Grossmann
IX a` Roma en juillet 2000, la continuation d’un de´veloppement rapide et soutenu est promise. . .
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A one-day international workshop, supported by the PNC (Programme National de la Cosmologie), was held
in Paris for members of the different disciplines to introduce their respective subjects and present both reviews
and up-to-date research methods and results. Mathematicians, astronomers and physicists were welcomed.
Thank you to all the participants, both to those who presented work and those who listened and participated
in the discussion. Thank you also to the Observatoire de Paris, the Institut d’Astrophysique de Paris, and the
PNC.
In this volume, we have three theoretical articles: that of Ratcliffe & Tschantz about a mathematical object
which should be useful for quantum gravity, the gravitational instanton; an exploration of possible links between
a non-zero cosmological constant and cosmic topology by Lachie`ze-Rey; and e Costa & Fagundes presented a po-
tential V (φ) which could give birth to a multiply connected, compact hyperbolic universe; and four observational
articles: a review by Roukema; a reminder by Wichoski that given the practical difficulties of statistical methods
in 3-D and in 2-D, the search for topological images of our own Galaxy should not be forgotten; some very inter-
esting comments by Inoue on the lively debate presently underway regarding compact hyperbolic model analyses
of the COBE cosmic microwave background data; and a summary of the method of spot pattern recognition by
Levin & Heard.
Noone can predict which theoretical and observational elements will be the most important, even if each of
us has his or her own intuition. . .
This Dec 1998 workshop followed the first in Cleveland in Sep 1997, and as two parallel sessions on cosmic
topology and hyperbolic 3-manifolds have just taken place at the Marcel Grossmann IX meeting in Roma in
July 2000, continued rapid development and excitement in the field is the safest prediction to make for the near
future. . .
Comite´ d’organisation et scientifique/ Organising and Scientific Committee:
Boud Roukema, Vincent Blanloeil, Jean-Pierre Luminet, Gary Mamon
Some additional useful links are provided at the electronic site of the proceedings at:
http://www.iap.fr/user/roukema/CTP98/programme.html.
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Abstract
In this paper, we classify all closed flat 4-manifolds
that have a reflective symmetry along a separating to-
tally geodesic hypersurface. We also give examples of
small volume hyperbolic 4-manifolds that have a re-
flective symmetry along a separating totally geodesic
hypersurface. Our examples are constructed by gluing
together polytopes in hyperbolic 4-space.
1.1 Introduction
In a recent paper [3], G.W. Gibbons mentioned that the
examples of minimum volume hyperbolic 4-manifolds
described in our paper [7] might have applications in
cosmology. In this paper, we elaborate on our exam-
ples and introduce some new examples. In particular,
we construct an example which answers in the affir-
mative the following question posed by G.W. Gibbons
at the Cleveland Cosmology-Topology Workshop. Can
one find a closed hyperbolic 4-manifold with a (con-
nected) totally geodesic hypersurface that separates?
In this paper a hypersurface is a codimension one sub-
manifold. We begin by describing the geometric setup
of real tunneling geometries.
According to Gibbons [3], current models of the
quantum origin of the universe begin with a real tunnel-
ing geometry, that is, a solution of the classical Einstein
equations which consists of a Riemannian 4-manifold
MR and a Lorentzian 4-manifold ML joined across a
totally geodesic spacelike hypersurface Σ which serves
as an initial Cauchy surface for the Lorentzian space-
time ML. In cosmology, Σ is taken to be closed, that
is, compact without boundary, and in accordance with
the No Boundary Proposal one usually takes MR to
be connected, orientable, and compact with boundary
equal to Σ.
Given this setup one may pass to the double 2MR =
M+R ∪M−R by joining two copies ofMR across Σ. This is
a closed orientable Riemannian 4-manifold M = 2MR
called the gravitational instanton of the real tunneling
geometry. The instanton M admits a reflection map θ
that is an orientation reversing involution which fixes
the totally geodesic submanifold Σ and permutes the
two portions M±R . According to Gibbons, the invo-
lution θ plays a crucial role in the quantum theory
because it allows one to formulate the requirement of
“reflection positivity”.
In the standard example of a real tunneling geom-
etry, the instanton M is the unit 4-sphere S4 and Σ
is the unit 3-sphere S3 thought of as the equator of
S4. The 3-sphere S3 is the simplest model of the uni-
verse that is isotropic and the 4-sphere S4 is the only
gravitational instanton that is isotropic.
The Riemannian manifolds that are locally
isotropic are the manifolds of constant sectional curva-
ture k. For simplicity, a Riemannian manifold of con-
stant sectional curvature is usually normalized to have
curvature k = −1, 0, or 1. A Riemannian manifold of
constant sectional curvature k = −1, 0, or 1 is called
a hyperbolic, Euclidean, or spherical manifold, respec-
tively. Euclidean manifolds are also called flat mani-
folds. We shall assume that a hyperbolic, Euclidean, or
spherical manifold is connected and complete. We shall
also assume that a manifold does not have a bound-
ary unless otherwise stated. Then a hyperbolic, Eu-
clidean, or spherical n-manifold is isometric to the orbit
space X/Γ of a freely acting discrete group of isome-
tries Γ of hyperbolic, Euclidean, or spherical n-space
X = Hn, En, or Sn, respectively. A discrete group Γ
of isometries of Hn or En acts freely on Hn or En if
and only if Γ is torsion-free.
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1.2 Spherical and Flat Gravitational
Instantons
The first observation to make about real tunneling ge-
ometries is that the Euler characteristic of a gravita-
tional instanton M is even, since
χ(M) = χ(M+R ) + χ(M
−
R )− χ(Σ) = 2χ(M+R ).
There are only two spherical 4-manifolds, namely S4
and elliptic 4-space P 4 (real projective 4-space). Spher-
ical 4-space S4 is the prototype for a gravitational in-
stanton whereas P 4 is not a gravitational instanton,
since χ(P 4) = 1.
We next classify Euclidean (or flat) gravitational in-
stantons. In order to state our classification, we need
to recall the definition of a twisted I-bundle. Let N be
a nonorientable n-manifold. Then N has an orientable
double cover N˜ and there is a fixed point free, orien-
tation reversing involution σ of N˜ such that N is the
quotient space of N˜ obtained by identifying σ(x) with
x for each point x of N˜ . Let I be a closed interval
[−b, b] with b > 0. Then σ extends to a fixed point
free, orientation preserving involution τ of N˜ × I de-
fined by τ(x, t) = (σ(x),−t). The twisted I-bundle B
over N is the quotient space of N˜×I obtained by iden-
tifying τ(x, t) with (x, t) for each point (x, t) of N˜ × I.
Then B is an orientable (n+ 1)-manifold with bound-
ary ∂B = N˜ and N˜ × I is a double cover of B. Note
that B is a fiber bundle over N with fiber I. If N
is a Riemannian manifold, then N˜ has a Riemannian
metric so that the double covering from N˜ to N is a lo-
cal isometry. We give I the standard Euclidean metric
and N˜ × I the product Riemannian metric. Then τ is
an isometry of N˜ × I and so B inherits a Riemannian
metric, which we called the twisted product Rieman-
nian metric, so that the double covering from N˜ × I
to B is a local isometry. It is worth mentioning that
twisted I-bundles occur naturally in topology, since a
closed regular neighborhood of a nonorientable hyper-
surface N of an orientable manifold M is a twisted
I-bundle over N . We are now ready to state our clas-
sification theorem for flat gravitational instantons. We
shall state our theorem in arbitrary dimensions, since
the proof works in all dimensions.
Theorem 1 Let M be a connected, closed, orientable,
Riemannian n-manifold that is obtained by doubling
a Riemannian n-manifold MR with a totally geodesic
boundary Σ. Then (1) M is flat and Σ is connected if
and only if MR is a twisted I-bundle, with the twisted
product Riemannian metric, over a connected, closed,
nonorientable, flat (n− 1)-manifold N ; and, (2) M is
flat and Σ is disconnected if and only if MR is a prod-
uct I-bundle, N × I with the product Riemannian met-
ric, over a connected, closed, orientable, flat (n − 1)-
manifold N .
Proof. Assume thatM is flat. ThenM is complete,
sinceM is compact. Hence we may assumeM = En/Γ
where Γ is a freely acting discrete group of orientation
preserving isometries of Euclidean n-space En. Let
φ : En → En/Γ be the quotient map. Then φ is a
universal covering projection. Now φ−1(Σ) is a totally
geodesic hypersurface of En, since φ is a local isometry.
Therefore φ−1(Σ) is a disjoint union of hyperplanes of
En.
The inclusion map ι : Σ→ M induces an injection
ι∗ : pi1(Σ)→ pi1(M) on fundamental groups, since each
component of φ−1(Σ) is simply connected. Choose a
component P of φ−1(Σ). We may identify pi1(M) with
Γ and pi1(Σ) with the subgroup C of Γ that leaves P
invariant. The group Γ has cohomological dimension n
and the group C has cohomological dimension n − 1,
since M and Σ are aspherical manifolds. Now every
subgroup of finite index of an n-dimensional group is
n-dimensional. Therefore the index of C in Γ is infinite.
The number of components of φ−1(Σ) is the index of C
in Γ. Therefore φ−1(Σ) is a disjoint union of an infinite
number of hyperplanes of En. These hyperplanes are
all parallel, since any two nonparallel hyperplanes of
En intersect.
Color MR white and the rest of M black. The
boundary between the white and black regions ofM is
Σ. Lift this coloring to En via φ : En → M by color-
ing φ−1(MR) white and the rest of En black. Then the
regions between the hyperplanes of φ−1(Σ) are colored
alternately white and black, since the coloring must
change at each hyperplane of φ−1(Σ). Let R be the
component of φ−1(MR) containing P . Then R is the
closed white region bounded by two adjacent hyper-
planes P and Q of φ−1(Σ). Hence R is a Cartesian
product P × I where I is a closed line segment running
perpendicularly from P to Q. Therefore R is simply
connected, and so the inclusion map κ : MR → M
induces an injection κ∗ : pi1(MR) → pi1(M) on funda-
mental groups. Hence we may identify pi1(MR) with
the subgroup A of Γ that leaves R invariant.
Let H be the hyperplane of En midway between
P and Q. Then H cuts I at its midpoint. Now each
element of A maps I to a line segment running perpen-
dicularly from P to Q, since each element of A leaves
∂R = P ∪ Q invariant and preserves perpendicular-
ity. Therefore A leaves H invariant. Hence H/A is a
hypersurface of MR = R/A.
Assume first that Σ is disconnected. Then no ele-
ment of A interchanges P and Q, and so A leaves both
P and Q invariant. Hence A preserves the product
structure R = H× I. Therefore R/A = H/A× I. Now
since A preserves the orientation of En and preserves
7
both sides ofH in R, we deduce that A preserves orien-
tation onH . ThereforeN = H/A is an orientable man-
ifold and MR is the product I-bundle, N × I, with the
product Riemannian metric. Moreover, N is a closed
manifold, since MR and N are compact.
Now assume that Σ is connected. Then there is
an element α of A that interchanges P and Q. Let
B be the subgroup of A that leaves both P and Q
invariant. Then B is a subgroup of A of index two.
Now B preserves the product structure R = H × I.
Therefore R/B = H/B × I. Now since A preserves
the orientation of En, with B preserving both sides
of H in R and α interchanging both sides of H in R,
we deduce that B preserves orientation on H and α
reverses orientation on H . Therefore N˜ = H/B is the
orientable double cover of the nonorientable manifold
N = H/A. Now A/B acts on N˜ × I so that N˜ ×
I/(A/B) = R/A is a twisted I-bundle over H/A. Thus
MR is a twisted I-bundle, with the twisted product
Riemannian metric, over the nonorientable manifold
N . Now MR is compact and so its double cover N˜ × I
is compact. Hence N˜ and N are compact, and so N is
a closed manifold.
Conversely, ifMR is an I-bundle over a flat (n−1)-
manifoldN , with either the product or twisted product
Riemannian metric, and a totally geodesic boundary,
then obviously M = 2MR is flat.
There are exactly 10 closed flat 3-manifolds up to
affine equivalence. Six of these manifolds are orientable
and four are nonorientable. We shall denote the ori-
entable manifolds by O1, O2, . . . , O6 and the nonori-
entable manifolds by N1, N2, N3, N4. As a reference
for closed flat 3-manifolds, see Wolf [8]. We shall take
the same ordering of the closed flat 3-manifolds as in
Wolf [8]. In particular, the 3-manifold O1 is a flat 3-
torus.
LetM be a flat gravitational instanton. Then M is
a connected, closed, orientable, flat 4-manifold that is
obtained by doubling a flat Riemannian 4-manifoldMR
with totally geodesic boundary Σ. Assume first that
Σ is disconnected. Then MR is a product I-bundle
O × I, with the product Riemannian metric, over a
closed orientable flat 3-manifold O by Theorem 1. This
implies that MR is just a straight tube with opening
and closing end isometric to O. Here Σ = ∂MR is
the disjoint union of two isometric copies of O. One
can interpret the geometry of MR as leading to the
birth of disjoint identical twin Lorentzian universes or,
by reversing the arrow of time in one of the universes,
as a collapse and subsequent rebirth of a Lorentzian
universe.
Assume now that Σ is connected. Then MR is a
twisted I-bundle, with the twisted product Rieman-




Figure 1: A fundamental domain for the half-twisted
3-torus
N by Theorem 1. Here Σ is the orientable double cover
of N . According to Theorem 3.5.9 of Wolf [8], if N is
affinely equivalent to N1 or N2, then Σ is a flat 3-
torus, whereas if N is affinely equivalent to N3 or N4,
then Σ is affinely equivalent to O2. Thus only the first
two affine equivalence types of closed orientable flat
3-manifolds are possible initial hypersurfaces for the
creation of a connected Lorentzian universe from a flat
gravitational instanton.
We call the closed orientable flat 3-manifold O2
a half-twisted 3-torus because O2 can be constructed
from a rectangular box, centered at the origin in E3
with sides parallel to the coordinate planes, by identi-
fying opposite pairs of vertical sides by translations and
identifying the top and bottom sides by a half-twist in
the z-axis. See Figure 1. The first homology group of
O2 is ZZ⊕ZZ2⊕ZZ2. Therefore O2 is not topologically
equivalent to a 3-torus. It is worth noting that O2 is
double covered by a 3-torus. This is easy to see by
stacking two of the boxes defining O2 on top of each
other.
1.3 Hyperbolic Gravitational Instan-
tons
A hyperbolic gravitational instanton is a gravitational
instanton that is a hyperbolic manifold. Thus a hy-
perbolic gravitational instanton is a closed, orientable
hyperbolic 4-manifold, M , with a separating, totally
geodesic, orientable, hypersurface Σ which is the set of
fixed points of an orientation reversing isometric invo-
lution of M . As a reference for hyperbolic manifolds,
see Ratcliffe [6]. Cosmologists are interested in small
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volume hyperbolic gravitational instantons because the
probability of creation of a hyperbolic gravitational in-
stanton increases with decreasing volume. The volume
of a hyperbolic 4-manifoldM of finite volume is propor-
tional to its Euler characteristic χ(M) and so the Euler
characteristic is an effective measure of the volume of
a hyperbolic gravitational instanton. The closed ori-
entable hyperbolic 4-manifold of least known volume
is the Davis hyperbolic 4-manifold [2], which has Euler
characteristic 26.
In his talk at the Cleveland Cosmology-Topology
Workshop, G.W. Gibbons asked the question:
Can one find a closed hyperbolic 4-manifold
with a totally geodesic two-sided hypersur-
face that separates?
It is well known that there are closed hyperbolic 4-
manifolds with two-sided totally geodesic hypersur-
faces. As pointed out by Gibbons [3], if a two-sided
hypersurface Σ of a manifold M does not separate,
then M has a double cover with a separating hyper-
surface consisting of two disjoint copies of Σ. Thus
an affirmative answer to Gibbon’s question has been
known for some time with Σ disconnected. See for ex-
ample, §2.8.C of [4]. However, in Gibbon’s paper [3], he
asks whether the creation of a single universe is possi-
ble from a hyperbolic gravitational instanton. Thus a
more interesting question (and probably what Gibbons
really wanted to ask at the workshop) is the question:
Can one find a closed hyperbolic 4-manifold
with a connected totally geodesic two-
sided hypersurface that separates?
We will answer this question in the affirmative by
constructing a hyperbolic gravitational instanton M
with a connected initial hypersurface Σ. The man-
ifold M is most easily understood as the orientable
double cover of a manifold specified by a side-pairing
of the same regular hyperbolic polytope as that used
in the construction of the Davis hyperbolic 4-manifold
[2], and so we consider the construction of this manifold
first.
A regular 120-cell is a 4-dimensional, regular, con-
vex polytope with 120 sides, each a regular dodeca-
hedron. Each side meets its twelve neighbors along
a pentagonal ridge (2-dimensional face). Each edge
of the 120-cell is shared by three sides, and each ver-
tex is shared by four sides. There are a total of 720
ridges, 1200 edges, and 600 vertices in a regular 120-
cell. As the edge length of a regular hyperbolic 120-cell
is increased, the dihedral angle between adjacent sides
decreases. Regular hyperbolic 120-cells with dihedral
angles of 2pi/3, pi/2, and 2pi/5 are possible and each can
be used to tessellate hyperbolic 4-space with 3, 4, or
5 of the 120-cells fitted around each ridge respectively.
The set of isometries of hyperbolic 4-space preserving
one of these tessellations will be a discrete group; the
quotient of hyperbolic 4-space under the action of a
torsion-free subgroup of finite index in this group will
give a closed hyperbolic 4-manifold which can be real-
ized by gluing together some number of copies of the
corresponding regular 120-cell. The Euler characteris-
tic of the hyperbolic orbifold determined by a regular
120-cell, with dihedral angle 2pi/3, pi/2, and 2pi/5 is 1,
17/2, and 26, respectively; their volumes are propor-
tional to their Euler characteristic.
A purely combinatorial search for manifolds based
on gluing one or two of the 120-cells with dihedral an-
gle 2pi/3 is essentially intractable. Searches for side-
pairings meeting some simple restrictions have failed to
uncover small volume hyperbolic 4-manifolds based on
this smallest regular 120-cell. A manifold based on the
120-cell with dihedral angle pi/2 can only result from a
gluing of an even number of 120-cells. In fact, we have
constructed two different manifolds by gluing just two
right-angled 120-cells. These have Euler characteristic
17, are nonorientable, and do not seem to have the kind
of totally geodesic hypersurfaces desired.
Let P be a regular hyperbolic 120-cell with dihe-
dral angles 2pi/5. For simplicity, realize P in the con-
formal ball model of hyperbolic 4-space with center at
the origin and aligned so the center of a side lies along
each of the coordinate axes, i.e., there are centers of
sides having coordinates (x1, x2, x3, x4) = (±r, 0, 0, 0),
(0,±r, 0, 0), (0, 0,±r, 0), and (0, 0, 0,±r) for an appro-
priate r. Then the four coordinate hyperplanes of E4,
given by xi = 0, for i = 1, 2, 3, 4, are planes of symme-
try of P . A side-pairing map for P can be described
as a symmetry of P taking a side S to another side S′
followed by reflection in the side S′. Thus side-pairing
maps will be determined by the orthogonal transfor-
mations of E4 that are symmetries of P .
The side of P lying along the positive x4-axis will
be referred to as the side at the north pole, the side on
the negative x4-axis will be referred to as the side at
the south pole, and the hyperplane with x4 = 0, will
be referred to as the equatorial plane of P . There are
30 sides of P centered on the equatorial plane and 12
ridges lie entirely in this hyperplane. The intersection
of the equatorial plane with P is a truncated, hyper-
bolic, ultra-ideal triacontahedron.
A triacontahedron is a quasiregular convex polyhe-
dron with 30 congruent rhombic sides. As a reference
for the geometry of a triacontahedron, see Coxeter [1].
In a triacontahedron five rhombi meet at each vertex
with acute angles and three rhombi meet at each ver-
tex with obtuse angles. A hyperbolic ultra-ideal tria-
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contahedron is a triacontahedron centered at the ori-
gin in the projective disk model of hyperbolic 3-space
whose order 5 vertices lie outside the model (hence are
ultra-ideal) and whose order 3 vertices lie inside the
model. A truncated ultra-ideal triacontahedron is ob-
tained from an ultra-ideal triacontahedron by truncat-
ing its order 5 vertices yielding a polyhedron with 12
pentagonal sides corresponding to the order 5 vertices
and 30 hexagonal sides corresponding to the truncated
30 rhombic sides of the triacontahedron.
The points of P with x4 > 0 will be referred to
as the northern hemisphere of P while the points of P
with x4 < 0 will be referred to as the southern hemi-
sphere of P . There are thus 45 sides of P centered in
the northern hemisphere: the side at the north pole,
the 12 sides adjacent to that side, 12 sides sitting on
the equatorial plane (i.e., having a ridge lying in the
equatorial plane), and 20 other sides, symmetrically
positioned with centers having the same x4-coordinate,
that fill in the gaps between the two layers of 12 and
the sides centered on the equatorial plane.
The Davis hyperbolic 4-manifold M0 is realized as
a gluing of the 120-cell P defined by the following side-
pairing maps. For each side S of P , take S′ to be the
antipodal side of P , and let the side-pairing map from
S to S′ be reflection in the hyperplane which is the
perpendicular bisector of the line segment between the
centers of S and S′, followed by reflection in side S′.
Thus, for example, the side at the north pole is reflected
in the equatorial plane to the side at the south pole.
Each side centered on the equatorial plane is paired to
another side centered on the equatorial plane so that
points of that side in the northern hemisphere map
to points of the other side also in the northern hemi-
sphere. Each side centered in the northern hemisphere
is side-paired with one centered in the southern hemi-
sphere. To see that this gluing results in a hyperbolic
4-manifold, it is necessary to check that the ridges are
identified in cycles of 5, and that the edges and vertices
of P are similarly identified so that the correct num-
ber of each belong to a cycle and a solid ball is formed
around each edge and vertex equivalence class in the
manifold, in this case, there must be 20 edges in each
edge cycle and all 600 vertices of P must form a single
vertex cycle.
Suppose S0 is any side of P , and R0 is a ridge of
S0. Let S1 be the side adjacent to S0 along R0, and let
R1 be the ridge opposite R0 in the side S1. Continue
in this manner taking Si+1 adjacent to Si along Ri
and Ri+1 opposite Ri in Si+1. Then S10 = S0 and
R10 = R0. For example, if S0 is the side at the north
pole, R0 is a ridge of S0, then S1 is one of the twelve
immediate neighbors to S0. The side S2 adjacent to


















Figure 2: A chain of adjacent sides of a regular 120-cell
sides sitting on the equatorial plane and R2 is its ridge
in the equatorial plane. Sides S3, S4, S5, S6, and S7
are in the southern hemisphere with S5 the side at the
south pole and S7 adjacent to S8 along the ridge R7
antipodal to R2 in the equatorial plane. Finally, side
S8 and S9 are back in the northern hemisphere with
S9 the side adjacent to S0 along the ridge R9 opposite
the original R0. See Figure 2. The ridge R0 of S0 is
identified with R4 of S5 by the side-pairing map of the
side at the north pole with the side at the south pole.
In turn, R4 is identified with R8 by the side-pairing
map of S4 to S9, which is identified with R2 by the
map of S8 to S3, and then identified with R6 by the
map of S2 to S7, and back to R0 by the map of S6
to S1. Thus each ridge cycle consists of 5 ridges of P .
The edge and vertex cycles can also be checked.
Also of significance in this analysis of ridge cycles
is that a ridge R0 of the side S0 at the north pole,
and the corresponding ridge R4 of the side S5 at the
south pole, are identified (in two steps) with a ridge
R2 in the equatorial plane. Consideration of the link
of this ridge in the glued-up manifold leads to the con-
clusion that the equatorial cross-section of P extends
geodesically in the manifold to include the identified
sides at the north and south poles. Here it is useful
to consider the gluing of a hyperbolic regular decagon
with dihedral angles 2pi/5 defined similarly by reflect-
ing one side to its antipodal side in the perpendicular
bisector of the line segment joining their centers. One
can more easily see how the line connecting opposite
vertices of the decagon extends to include identified
sides in the resulting glued-up 2-manifold. Thus the
Davis hyperbolic 4-manifold M0 contains, as a totally
geodesic hypersurface Σ0, the equatorial cross-section
of P together with the identified sides at the north and
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Figure 3: A fundamental domain for the Davis mani-
fold cross-section
south poles. If we subdivide these identified dodecahe-
dra by taking 12 pentagonal cones from each ridge to
the center of the dodecahedron and attach these cones
to the pentagonal sides of the truncated ultra-ideal tri-
acontahedron equatorial cross-section of P , we get the
polyhedron pictured in Figure 3. The hexagons meet
each other at angles of 2pi/5, the hexagons meet trian-
gles at angles of pi/2, and the triangles meet each other
at angles of 2pi/3. The totally geodesic hypersurface Σ0
of M0 is obtained from this polyhedron by identifying
each hexagon with its antipodal hexagon by reflect-
ing in the plane which is the perpendicular bisector of
the line segment between their centers, and identifying
each triangle with the triangle with which it shares a
common hexagonal neighbor by a reflection in a plane
perpendicular to that common hexagonal side. The ho-
mology groups of the Davis hyperbolic 4-manifold M0
are H0(M0) = ZZ, H1(M0) = ZZ
24, H2(M0) = ZZ
72,
H3(M0) = ZZ
24, and H4(M0) = ZZ. The homology
groups of the cross-section Σ0 of M0 are H0(Σ0) = ZZ,
H1(Σ0) = ZZ
16, H2(Σ0) = ZZ
16, and H3(Σ0) = ZZ.
The Davis hyperbolic 4-manifold is a closed ori-
entable 4-manifold M0 having a totally geodesic ori-
entable hypersurface Σ0 which is a mirror forM0; how-
ever, Σ0 does not separate M0, since we have side-
pairing maps that go from the northern hemisphere
to the southern hemisphere. To repair this last diffi-
culty we modify the Davis manifold side-pairing. If S
is the side at the north or south pole or a side centered
in the equatorial plane we take the same side-pairing
map of S to its antipodal side S′. Otherwise consider
the side-pairing of S to the side S′ which is the com-
position of the reflection in the equatorial plane with
the side-pairing map used in the Davis manifold, i.e.,
S′ is taken to be the reflection in the equatorial plane
of the side S′′ antipodal to S and the side-pairing map
of S to S′ is the composition of reflection of S to S′′ in
the hyperplane which is the perpendicular bisector of
the line segment between their centers, the reflection
in the equatorial plane taking S′′ to S′, followed by,
as usual, the reflection in side S′. Points in the north-
ern hemisphere are thus identified with points in the
northern hemisphere except that the side at the north
pole is identified with the side at the south pole.
Consider then how the ridge cycles in this gluing
correspond to ridge cycles in the Davis manifold gluing.
A ridge cycle of the Davis manifold gluing including a
ridge centered on, but not contained in, the equatorial
plane is left unchanged since all of the side-pairings
involving such ridges are of sides centered on the equa-
torial plane and none of these side-pairings have been
changed. A ridge cycle of the Davis manifold gluing
not including a ridge centered on the equatorial plane
involves three ridges on one side of the equatorial plane
and two on the other. Such a ridge cycle will not in-
volve a ridge of the sides at the north or south poles
since these ridge cycles include also a ridge in the equa-
torial plane. The side-pairings for such a ridge cycle
will include just one side-pairing between sides cen-
tered on the equatorial plane. In the new side-pairing,
the corresponding ridge cycles will result from adding
an extra reflection in the equatorial plane to the side-
pairings that cross from one hemisphere to the other,
that is, the ridge cycle of a ridge in the northern hemi-
sphere is obtained by taking the ridge cycle in the Davis
manifold gluing and reflecting those ridges that lie in
the southern hemisphere back into the northern hemi-
sphere. For the ridge cycle of a ridge R0 of the side S0
at the north pole we get R0 identified with R4 by the
map of S0 to S5, then identified with R6 by the map of
S4 to S6 (reflected from R8 in S9), identified with R2
by the map of S7 to S3 (reflected from R2 in S2), and
then, in the northern hemisphere, identified with R8 by
the map of S2 to S8, and back to R0 by the map of S9
to S1. See Figure 2. The edge cycles and vertex cycles
can also be checked and the side-pairing thus defines a
gluing of P resulting in a hyperbolic 4-manifold M1.
Consideration of the ridge cycle in M1 of a ridge
contained in the equatorial plane of P leads to the
conclusion that the equatorial cross-section of P ex-
tends geodesically in M1 to include the identified sides
11
at the north and south poles in exactly the same way
as it does in the Davis manifold. The conclusion is
that M1 contains, as a totally geodesic hypersurface
Σ1, the same cross-section as we had in the Davis
manifold. This hypersurface Σ1 = Σ0 is now sepa-
rating, since the equatorial cross-section and the iden-
tified sides at the north and south poles separate the
northern hemisphere from the southern hemisphere in
the glued-up manifold. The hypersurface Σ1 is also a
mirror for M1. The existence of the manifold M1 an-
swers in the affirmative Gibbon’s question; however,
M1 is nonorientable since we have added an extra re-
flection to the side-pairing maps that crossed between
hemispheres. The orientable double cover of M1 is a
compact, orientable, 4-manifold having two copies of
Σ1, since Σ1 is orientable, which together are separat-
ing, totally geodesic, and a mirror for the double cover.
If we want an orientable double cover of a nonori-
entable 4-manifold with separating totally geodesic hy-
persurface to have a connected, separating, totally
geodesic hypersurface, we need the hypersurface of the
nonorientable 4-manifold to also be nonorientable. A
further modification of the side-pairing for M1 will do
the trick. Consider the hyperplane with x3 = 0. It is
perpendicular to the equatorial plane and has intersec-
tion with P congruent to the intersection of the equa-
torial plane with P . Proceed to modify the side-pairing
for M1 in the same manner as the modification to the
side-pairing of the Davis manifold, only now with re-
spect to this polar hyperplane. We note that each side
centered on the hyperplane x3 = 0 is paired in the side-
pairing defining M1 with another side centered on this
hyperplane and we leave such side-pairings unchanged.
The sides centered on the x3-axis are in the equato-
rial plane and we leave their pairing in M1 unchanged.
Every other side is paired with a side in the opposite
hemisphere with respect to the hyperplane x3 = 0. If
S is such a side and was paired with S′′ in the side-
pairing definingM1, then S will be paired instead with
the side S′ which is the reflection in the hyperplane
x3 = 0 of the side S
′′ and the side-pairing map of S
will be the orthogonal map pairing S to S′′ composed
with reflection in the hyperplane x3 = 0, followed by
reflection in S′. Note that the side at the north pole
is in the hyperplane x3 = 0 and so is still paired with
the side at the south pole. Otherwise, if S is in the
northern hemisphere, then it is paired to an S′ also
in the northern hemisphere. The sides centered on the
equatorial plane are still paired to sides centered on the
equatorial plane, the parts in the northern hemispheres
being identified. Again we can verify ridge cycles con-
tain 5 ridges, the ridges in a ridge cycle of the original
Davis manifold gluing are replaced by ridges that are
reflected in one or both of the equatorial plane and the
hyperplane x3 = 0. Edge and vertex cycles can also be
verified so that the defined side-pairing gives rise to a
hyperbolic 4-manifold M2.
The ridge cycles of ridges in the equatorial plane are
still such that the geodesic extension of the equatorial
cross-section of P in M2 includes the identified sides
at the north and south poles and this hypersurface Σ2
separates M2 into two components. The hypersurface
Σ2 can be obtained from the same polyhedron in Fig-
ure 3 by the same gluing of triangles but a modification
of the gluing of hexagons that are not centered in the
hyperplane x3 = 0 or centered along the x3-axis by re-
flecting in the hyperplane x3 = 0. The manifolds M2
and Σ2 are nonorientable. Let M be the orientable
double cover of M2. Then Σ2 lifts to a connected, sep-
arating, totally geodesic, orientable hypersurface Σ of
M which is, in fact, a mirror forM . It should be noted
that the hyperplane x3 = 0 also extends in M2 to a
separating, totally geodesic hypersurface of M2, but it
is isometric to Σ2, since the construction of M2 could
just as well be described by first reflecting side-pairing
maps of the Davis manifold gluing in the hyperplane
x3 = 0 and then in the equatorial plane. Thus M is a
hyperbolic gravitational instanton, with connected ini-
tial hypersurface Σ, and M has a symmetry that maps
Σ onto a hypersurface Σ′ that is perpendicular to Σ.
Thus M is also a hyperbolic gravitational instanton
with connected initial hypersurface Σ′.
The manifold M can be constructed by gluing to-
gether two copies of the 120-cell P . Therefore the vol-
ume ofM is twice that of the Davis manifold and so the
Euler characteristic of M is 52. The homology groups
of M are H0(M) = ZZ, H1(M) = ZZ
6
2 ⊕ ZZ24 ⊕ ZZ18,
H2(M) = ZZ
6
2 ⊕ ZZ24 ⊕ ZZ86, H3(M) = ZZ18, and
H4(M) = ZZ. The separating totally geodesic hyper-
surface Σ of M can be constructed by gluing together
two copies of the fundamental domain for the Davis
manifold cross-section in Figure 3, and so the volume
of Σ is twice that of the cross-section of the Davis
manifold. The volume of Σ is approximately equal to
204.5. The homology groups of Σ are H0(Σ) = ZZ,
H1(Σ) = ZZ
23, H2(Σ) = ZZ
23, and H3(Σ) = ZZ.
1.4 Noncompact Hyperbolic Gravita-
tional Instantons
In this section we relax the definition of a gravitational
instanton by weakening the hypothesis of compactness
to completeness with finite volume. Thus a gravita-
tional instanton is now a complete, orientable, Rie-
mannian 4-manifoldM of finite volume, satisfying Ein-
stein’s equations, with a separating, totally geodesic,
orientable hypersurface Σ which is the set of fixed
points of an orientation reversing isometric involution
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of M . We will only consider hyperbolic noncompact
gravitational instantons.
A noncompact hyperbolic n-manifold M of finite
volume has a compact n-dimensional submanifold M0
with boundary such thatM −M0 is a disjoint union of
cusps and each boundary component of M0 is a closed
flat (n−1)-manifold. Each cusp C is a Cartesian prod-
uct N×(0,∞) where N is a closed flat (n−1)-manifold
and (0,∞) is the open interval from 0 to ∞. The met-
ric on C is e−tg + dt2 where t is in (0,∞) and g is
the flat metric on N . In particular, the volume of the
flat cross-section N ×{t} of C decreases exponentially
as t → ∞. This allows C to have finite volume even
though C is unbounded.
In our paper [7], we constructed examples of non-
compact hyperbolic 4-manifolds of smallest volume,
that is, of Euler characteristic 1. Our examples were
constructed by gluing together the sides of a regu-
lar ideal 24-cell in hyperbolic 4-space. Our examples
have totally geodesic hypersurfaces that are the set
of fixed points of an isometric involution. This led
G.W.Gibbons [3] to suggest that our examples may
have applications in cosmology.
A regular 24-cell is a 4-dimensional, regular, con-
vex, polytope with 24 sides, each a regular octahedron.
Each side meets its eight neighbors along a triangular
ridge. Each edge of the 24-cell is shared by three sides,
and each vertex is shared by six sides. There are a to-
tal of 96 ridges, 96 edges, and 24 vertices in a regular
24-cell. A hyperbolic, ideal, regular 24-cell is a regular
24-cell in hyperbolic 4-space with all its vertices on the
sphere at infinity (i.e. all vertices are ideal). The di-
hedral angle between adjacent sides of a regular ideal
24-cell is pi/2.
Let Q be a hyperbolic, ideal, regular 24-
cell. We realize Q in the conformal ball model
of hyperbolic 4-space with center at the origin
and aligned so that the ideal vertices of Q are
(±1, 0, 0, 0), (0,±1, 0, 0), (0, 0,±1, 0), (0, 0, 0,±1), and
(±1/2,±1/2,±1/2,±1/2). Then the four coordinate
hyperplanes of E4, given by xi = 0, for i = 1, 2, 3, 4,
are planes of symmetry of Q. Let K be the group of
orthogonal transformations of E4 generated by the re-
flections in the coordinate hyperplanes of E4. Then K
is an abelian group of order 16 all of whose nonidentity
elements are involutions.
Our examples of noncompact hyperbolic 4-
manifolds of Euler characteristic 1 are obtained by glu-
ing together the sides of Q in such a way that each side
S of Q is paired to a side S′ of Q which is the image of
S under an element of K. The side-pairing map from
S to S′ is the composition of an element of K that
maps S to S′ followed by the reflection in the side S′.
In our paper [7], we computed that exactly 1171 noni-
Figure 4: A hyperbolic right-angled rhombic dodeca-
hedron
sometric hyperbolic 4-manifolds can be constructed by
such side-pairings of Q. All of these side-pairings of
Q are invariant under the group K. This implies that
each coordinate hyperplane cross-section of Q extends
in each of our examples to a totally geodesic hyper-
surface which is the set of fixed points of an isometric
involution. We call these hypersurfaces of our examples
cross-sections.
The intersection of a coordinate hyperplane of E4
with Q is a hyperbolic rhombic dodecahedron with
dihedral angles pi/2. A rhombic dodecahedron is a
quasiregular convex polyhedron with 12 congruent
rhombic sides. In a rhombic dodecahedron four rhombi
meet at each vertex with acute angles and three rhombi
meet at each vertex with obtuse angles. A hyperbolic
rhombic dodecahedron with dihedral angles pi/2 has
ideal order 4 vertices. See Figure 4.
The cross-sections of our examples can be obtained
by gluing together the sides of the rhombic dodecahe-
dron in Figure 4. In our paper [7], we classified all the
possible cross-sections. It turns out that there are ex-
actly 13 nonisometric cross-sections. In Table 1 we list
all the data that we derived about these noncompact
hyperbolic 3-manifolds.
The column of Table 1 headed by N counts the
manifolds. The column headed by SP describes the
side-pairing of the rhombic dodecahedron in a coded
form that is explained in our paper [7]. We shall use
the side-pairing code to identify a manifold in Table 1.
The column headed by O indicates the orientability of
13
N SP O C S H1 H2 LT N SP O C S H1 H2 LT
1 142 1 3 48 300 2 TTT 8 157 0 3 8 201 1 KKT
2 147 1 3 16 300 2 TTT 9 367 0 3 8 102 0 KKK
3 143 0 3 8 300 2 KTT 10 174 1 4 64 400 3 TTTT
4 156 0 3 8 300 2 KTT 11 134 0 4 16 310 2 KKTT
5 357 0 3 16 220 1 KKT 12 165 0 4 8 220 1 KKKT
6 136 0 3 8 220 1 KKT 13 135 0 4 16 121 0 KKKK
7 153 0 3 16 201 1 KKT
Table 1: Cross-sections of the Ratcliffe-Tschantz hyperbolic 4-manifolds
the manifolds with 1 for orientable and 0 for nonori-
entable. Note that only three of the manifolds are ori-
entable, namely manifolds 142, 147, and 174. These
three orientable manifolds are topologically equivalent
to the complement of a link in the 3-sphere S3. The
manifolds 142, 147, and 174 are equivalent to the com-






The column of Table 1 headed by C lists the number
of cusps of the manifolds. The link (flat cross-section)
of each cusp is either a torus or a Klein bottle. The col-
umn headed by LT indicates the link type of each cusp
with T representing a torus and K a Klein bottle. The
column headed by S lists the number of symmetries
of the manifold. The column headed by H1 lists the
first homology groups of the manifolds with the 3 digit
number abc representing ZZa⊕ZZb2⊕ZZc4. The column
headed by H2 lists the second homology groups of the
manifolds with the entry a representing ZZa.
The volume of the hyperbolic, right-angled, rhom-
bic dodecahedron is
8L(2) = 7.3277247 . . . ,
where L(s) is the Dirichlet L-function defined by







+ · · · .
All the manifolds in Table 1 have the same volume as
the right-angled rhombic dodecahedron, since they are
constructed by gluing together the sides of the rhombic
dodecahedron.
Only 22 of the 1171 hyperbolic 4-manifolds con-
structed in our paper [7] are orientable. Table 2 lists
all the data that we derived for these 22 noncompact,
orientable, hyperbolic 4-manifolds.
The column headings in Table 2 are as in Table 1.
All 22 manifolds in Table 2 have five cusps. The column
headed by LT lists the link types of the cusps, where
A = O1 is the 3-torus, B = O2 is the half-twisted 3-
torus, and F = O6 is the Hantzsche-Wendt 3-manifold
[5]. The column headed by CSi gives the cross-section
of the manifolds determined by the coordinate hyper-
plane xi = 0. Here the -1 refers to a one-sided cross-
section and -2 refers to a two-sided cross-section. It
is worth noting that a hypersurface of an orientable
manifold is two-sided if and only if the hypersurface is
orientable.
Let N be an orientable hyperbolic 4-manifolds in
Table 2 and let S be a one-sided cross-section of N .
Then S is nonorientable. LetMR be the manifold with
boundary obtained by cutting N along S. Then MR
is a connected, orientable, hyperbolic 4-manifold with
a totally geodesic boundary Σ equal to the orientable
double cover of S. Let M be the double of MR. Then
M is a noncompact, hyperbolic, gravitational instanton
with connected initial hypersurface Σ. The volume of
Σ is twice the volume of S, and so the volume of Σ is
16L(2) = 14.6554494 . . . .
The manifold M is a double cover of N ; therefore the
Euler characteristic of M is twice that of N , and so
χ(M) = 2. Thus every manifold in Table 2 has a double
cover which is a noncompact, hyperbolic, gravitational
instanton of smallest possible volume.
Let N be one of the 1149 nonorientable hyperbolic
4-manifolds constructed in our paper [7] and let S be a
cross-section of N . Then S does not separate N , since
the Euler characteristic of N is odd. Let M be the
orientable double cover of N and let Σ be the hyper-
surface of M covering S. Then M is a gravitational
instanton with initial surface Σ if and only if Σ is con-
nected and separatesM , since the reflective symmetry
of N along S lifts to a reflective symmetry of M along
Σ.
Suppose that Σ is connected and separates M .
Then Σ is two-sided in M . Therefore Σ is orientable,
since M is orientable. Let V be a regular neighbor-
hood of S in N which is invariant under the reflective
symmetry of N along S. Then V lifts to a regular
neighborhood U of Σ inM which is invariant under the
reflective symmetry ofM along Σ. Now U is the Carte-
sian product of an open interval and Σ. The comple-
ment of U in M is the union of two disjoint connected
14
N SP S H1 H2 H3 LT CS1 CS2 CS3 CS4
1 1428BD 16 330 700 4 AAABF 156-1 174-2 147-2 142-2
2 14278D 16 240 600 4 AABBF 146-1 173-1 134-1 142-2
3 1477B8 16 240 600 4 AABBF 156-1 143-1 137-1 147-2
4 1477BE 16 240 600 4 AABBF 357-1 153-1 137-1 147-2
5 1478ED 16 240 600 4 AABBF 357-1 174-2 146-1 147-2
6 14278E 16 240 600 4 ABBBF 147-2 153-1 134-1 142-2
7 142DBE 48 150 500 4 ABBBF 157-1 157-1 157-1 142-2
8 1427BD 16 150 500 4 ABBBF 156-1 173-1 137-1 142-2
9 1477EB 16 150 500 4 ABBBF 367-1 163-1 136-1 147-2
10 1477ED 16 150 500 4 ABBBF 357-1 173-1 136-1 147-2
11 1478EB 16 150 500 4 ABBBF 367-1 134-1 146-1 147-2
12 147BDE 16 150 500 4 ABBBF 367-1 156-1 175-1 147-2
13 14B8ED 16 150 500 4 ABBBF 367-1 174-2 146-1 143-1
14 1427BE 16 150 500 4 BBBBF 157-1 153-1 137-1 142-2
15 1477DE 16 150 500 4 BBBBF 367-1 153-1 135-1 147-2
16 14B7E8 16 060 400 4 BBBBF 175-1 143-1 136-1 143-1
17 14B7ED 16 060 400 4 BBBBF 367-1 173-1 136-1 143-1
18 14BDE7 16 060 400 4 BBBBF 567-1 137-1 156-1 143-1
19 14B7DE 16 060 400 4 BBFFF 567-1 153-1 135-1 143-1
20 14B8E7 16 051 400 4 ABFFF 567-1 134-1 146-1 143-1
21 14BD7E 16 051 400 4 ABFFF 537-1 157-1 153-1 143-1
22 17BE8D 16 051 400 4 ABFFF 153-1 367-1 134-1 173-1
Table 2: The orientable, Ratcliffe-Tschantz, hyperbolic 4-manifolds
manifolds M1 and M2 with boundary homeomorphic
to Σ. Let N0 = N − V . Then N0 is a connected man-
ifold, since S does not separate M , and the boundary
of N0 is the boundary of V . The manifoldsM1 andM2
are homeomorphic to N0, since M − U double covers
N −V . Therefore the boundary of V is homeomorphic
to Σ. Hence S is one-sided, since the boundary of V is
connected. Now S must be orientable since otherwise
V would be a twisted I-bundle, and hence orientable,
but then V would be evenly covered, and so Σ would
be disconnected which is not the case. Thus S must be
orientable and one-sided.
Conversely, if S is orientable and one-sided, then
Σ is connected and two-sided in M , since a regular
neighborhood of S in N is nonorientable. Moreover, Σ
separatesM if and only if the complement of S in N is
orientable, sinceM −Σ double covers N−S. Thus the
orientable double cover M of N is a gravitational in-
stanton, with connected initial hypersurface Σ covering
the cross-section S of N , if and only if S is orientable,
one-sided, and the complement of S in N is orientable.
We now describe an explicit example of a noncom-
pact, hyperbolic, gravitational instanton M obtained
as the orientable double cover of one of the nonori-
entable hyperbolic 4-manifolds N of Euler characteris-
tic 1 constructed in our paper [7]. Let e1, e2, e3, e4 be
the standard basis vectors of E4. Then the 24 ideal
vertices of the 24-cell Q are ±e1,±e2,±e3,±e4, and
± 12e1 ± 12e2 ± 12e3 ± 12e4. The 24 sides of Q are regu-
lar ideal octahedra lying on unit 3-spheres in E4 cen-
tered at the points ±ei± ej. A pair of distinct vertices
{±ei,±ej} from {±e1,±e2,±e3,±e4}, which are not
antipodal, determines a unique side of the 24-cell hav-
ing this pair as vertices and it will be convenient to
refer to this side by the center ±ei± ej of the 3-sphere
containing this side. The group of orthogonal trans-
formations of E4 generated by the reflections in the
coordinate hyperplanes of E4 can be identified with
the group of orthogonal 4× 4 diagonal matrices,
K = {diag(±1,±1,±1,±1)}.
We describe the manifold N by specifying a gluing of
the 24-cellQ, the gluing defined by side-pairing maps of
Q. A side-pairing map will be specified by an element
of K mapping a side S to another side S′ followed by
reflection in S′. The ridges will have to be matched
in cycles of 4 and the edges in cycles of 8 in order to
define a hyperbolic 4-manifold.
Take e4 as the north pole, −e4 as the south pole,
and the coordinate hyperplane x4 = 0 as the equa-
torial plane of our 24-cell Q. Take side-pairing maps
induced by elements ofK as follows. For sides centered
at ±e1±e2 take diag(1,−1, 1,−1), for sides centered at
±e2± e3 take diag(1, 1,−1,−1), and for sides centered
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at ±e3±e1 take diag(−1, 1, 1,−1), permuting cyclically
in the first three coordinates to define the side-pairings
of the sides perpendicular to the equatorial plane. For
sides centered at ±e1 ± e4 take diag(1, 1,−1,−1), for
sides centered at ±e2 ± e4 take diag(−1, 1, 1,−1), and
for sides centered at ±e3 ± e4 take diag(1,−1, 1,−1),
preserving the cyclic symmetry in the first three com-
ponents to define the side-pairings of the sides not in-
tersecting the equatorial plane other than at an ideal
vertex. Then we can check that the ridges are in cy-
cles of 4 and the edges are in cycles of 8 and so we get
a hyperbolic 4-manifold N (isometric to the manifold
1096, with side-pairing code 56CC65, in our paper [7]).
Because the last coordinate is flipped by each of the
symmetries, sides in the northern half of Q are paired
with sides in the southern half, and northern halves of
sides perpendicular to the equatorial plane are paired
to southern halves of sides. Each side-pairing map is an
orientation preserving (determinate +1) symmetry of
Q followed by reflection in a side and as such is orienta-
tion reversing. Restricted to the equatorial plane how-
ever, the side-pairing maps of the right-angled rhom-
bic dodecahedron are orientation preserving. Thus the
equatorial cross-section in N is an orientable totally
geodesic hypersurface S which is one-sided in N . The
cross-section S is isometric to the manifold 142 (Bor-
romean rings complement) in Table 1.
The orientable double cover M of N can be de-
scribed then by a corresponding gluing of two copies
of the 24-cell Q, taking the same pairings of sides but
crossing between the two copies. Thus the northern
half of one 24-cell is always glued to the southern half
of the other 24-cell. The equatorial cross-sections of
the two 24-cells thus glue up to a double cover Σ of
S which is a separating, totally geodesic, hypersurface
which is also a mirror for the orientable 4-manifold M .
Thus M is a noncompact hyperbolic gravitational in-
stanton with connected initial hypersurface Σ.
The Euler characteristic of M is twice that of N ,
and so χ(M) = 2. Thus M is a noncompact hyper-
bolic gravitational instanton of smallest possible vol-
ume. The manifold M has H1(M) = ZZ
3
2 ⊕ ZZ24 ⊕ ZZ3,
H2(M) = ZZ
12 and H3(M) = ZZ
8. Its equatorial
cross-section Σ has H1(Σ) = ZZ
2
2 ⊕ ZZ3 and H2(Σ) =
ZZ2. The nonorientable hyperbolic 4-manifold N has
6 cusps, 3 along the equatorial plane corresponding to
the three cusps of S, and 3 off the equatorial plane.
The orientable double cover M has 9 cusps, the cross-
section Σ still has 3 cusps, but the original 3 cusps off
of the equatorial plane are double covered to give 3
cusps on each side of Σ. The volume of Σ is twice the
volume of S, and so the volume of Σ is
16L(2) = 14.6554494 . . . .
The manifoldM is but one of many examples of hyper-
bolic, noncompact, gravitational instantons of small-
est possible volume that arise as the orientable double
cover of one of the 1149 nonorientable hyperbolic 4-
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Abstract
If the topology of space is multi-connected, rather than
simply connected as it is most often assumed, this
would cause a major revolution in cosmology, and a
huge progress in the knowledge of our world (see the
review paper by Lachie`ze-Rey & Luminet, 1995, here-
after LaLu). This would set new constraints and ask
new questions on the physics of the primordial uni-
verse. Why space is multi-connected ? What has de-
termined its principal directions and the values of its
spatial dimensions ? The links between cosmology and
quantum physics would be modified, in particular the
question of the vacuum energy and of the cosmological
constant.
2.1 Introduction
Many aspects of topology concern cosmology and the-
oretical physics. For instance, some work in quan-
tum gravity or in the search for fundamental interac-
tions (see, for instance, Spaans 1999 and Rovelli 1999)
suggest that the topology of spacetime at the micro-
scopic scale may be different than that of IRn. At the
macroscopic scale, speculative ideas in quantum cos-
mology (Ellis, 1975; Atkatz & Pagels, 1982; Zel’dovich
& Starobinsky, 1984; Goncharov & Bytsenko, 1989)
seem to favor the multi-connected case. Topological
transitions, forbidden in classical general relativity, are
allowed in quantum cosmology. A ” spontaneous birth”
of the universe is sometimes claimed to lead ” proba-
bly ” to a multi-connected universe.
Some theories (Klein, 1926, 1927; Thiry, 1947;
Souriau, 1963, . . . , up to superstrings), introduce ad-
ditional dimensions which are compactified, i.e., which
have a multi-connected topology. If this is the case,
it would appear rather natural that the dimensions of
physical space are also multi-connected, even if with a
much larger scale. Here I consider only the possibil-
ity that the topology of our three dimensional space is
multi-connected (I consider the natural topology linked
to the spatial part of the metric). This implies that at
least one dimension of space is closed, and in many
cases, that space is of finite volume and circumference.
I refer to an universe with multiconnected space as a
small universe.
2.1.1 Topology and cosmology
Observations are necessary to decipher the topology
of our space. The case is especially interesting to-
day, given the favorite value of Ω, lower than 1, which
suggest a negative spatial curvature: multiconnected-
ness would become the only possibility for a closed (fi-
nite) space. For a review of the possible observational
tests, see Lalu, and Lachie`ze-Rey 1999. I assume the
global hyperbolicity of space-time, implying the man-
ifold structure of M3 × IRtime. I also impose spatial
orientability. For a presentation of the main geometri-
cal tools to handle topology, see Lalu, or the reference
books by Thurston (1978) and Nakahara (1990).
2.1.2 Characteristic lengths
In any cosmic model with non zero spatial cur-
vature, the curvature radius of space, Rcurv =
(c/H0) /
√
1− Ω− λ, provides a natural length unit.
It determines the possible sizes and shapes of a small
universe. On the other hand, the observable universe
is characterized by the Hubble length, and the horizon
radius Rhorizon ≈ 2Rcurv Arctanh
√
1− Ω− λ, with
the corresponding volume Vhorizon =
4pi R3horizon
3 .
A relevant parameter to measure the degree of
visibility and relevance of the property of multi-
connectedness is given by B = Vhorizon/V , where V
is the spatial volume of the small universe. I call r−
the internal radius, the radius of the largest (geodesic)
sphere in the fundamental polyhedron, and r+ the ex-
ternal radius, the radius of the smallest sphere in which
the fundamental polyhedron is inscribed. A multicon-
nected space with zero curvature may have arbitrary
dimensions. Those of a space with negative curvature
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are constrained by the value of the (constant) curva-
ture.
The smallest space with negative curvature known
today is the Weeks space, with volume V = 0.9427. Its
fundamental polyhedron has 18 faces, with the values
r+ = 0.7525 and r− = 0.5192. The Thurston space
(Thurston 1982) has V = 0.9814. The cylindrical horn
space, studied by Sokolov and Starobinsky, is non com-
pact.
2.2 Topology and vacuum energy
The multi-connectedness of space modifies the limit-
ing conditions of the universe, more precisely here, of
space. They modify the calculations of the classical
or quantum fields, in particular of their fundamental
state, or ” vacuum ”, and of its stress-energy tensor.
A conseqence is the possibility of some ” topological
Casimir effect ” (Mostepanenko and Trunov, 1988).
This is based on the (still speculative) idea that ”
vacuum energy ” and pressure may exert some gravita-
tional effects at the cosmic scale. Those are for instance
often invoked to give rise to an inflationary era, or to
some peculiar cosmic dynamics. Very often, they are
claimed to mimic a cosmological constant.
A true cosmological constant Λ = 3 H20 λ (different
from a vacuum energy) may be present. This is allowed
in (some versions of) general relativity, but there is no
natural scale for it. Although its non zero value would
remain unexplained, there is no ” cosmological con-
stant problem ”: the expression refer in fact to a ” vac-
uum energy problem ”, since there is a natural scale for
vacuum energy (coming from particle physics) in con-




is associated to Λ. Since it
may be of the same magnitude order than the lengths
associated to a small universe, this motivates examina-
tion of possible effects which could mimic such a con-
stant in a small universe. Let us emphasize that vac-
uum energy and cosmological constant are conceptu-
ally different, and also have different consequences onto
the cosmic evolution, excepted in the case of Minkowski
spacetime.
In Minkowski space-time, quantum field theory as-
sociates a momentum energy tensor Tµν = −ρV gµν
to the fundamental state of a (scalar) field. Its grav-
itational interaction and cosmological effects, if any,
would be analog to that of a perfect fluid with density
ρV , and pressure P = −ρV . This corresponds to an in-
dex γ = 0, and a dilution law ρV ∝ Cte in time. This
is also analog to the effect of a cosmological constant.
Similar effects are also expected for a universe whose
dynamics is dominated by a scalar field φ (again, in
Minkowski space-time), with momentum - energy ten-
sor
Tµν = φ,µ φ,ν − ηµν [1/2φ,ρ φ,ρ + V (φ)]. (1)
For a field constant in space and time (φ,µ = 0), this
reduces to Tµν = V (φ) gµν . Also, if φ,ρ φ
,ρ < 0, this is
analog to a perfect fluid with density µ = 1/2 φ˙2 + V,
and pressure P = 1/2 φ˙2 − V . These formulae should
be extended to curved, expanding and, here, multi-
connected space-time.
2.2.1 Quantum fields in non Minkowskian
space-time
A a scalar field obeys the classical equation ,
Oφ ≡ ( +m2)φ = 0, (2)
deriving from the Lagrangian L = 1/2 (φ,µ φ,µ −
m2 φ2). Usual quantification (in Minkowski spacetime)
proceeds through the following steps:
• select a set of positive frequency orthogonal
modes uk, solutions of the classical equation (2),
• quantize the modes, by introducing the conju-
gated moments Π ≡ ∂L∂(∂tφ) , which obey the com-
mutation relations at equal times :
[φ, φ] = [Π,Π] = 0, and [φ,Π] = δ;
• decompose any field over the modes
φ =
∑





• This gives the equivalent commutation relations
:




k′ ] = 0
• The creation and annihilation operators define
the vacuum state | 0 >, such that [ak | 0 >= 0.
• Its impulsion and energy are given by
< 0 | P | 0 > and < 0 | H | 0 >, with H =∫
Ttt dV and Pi =
∫
Tii dV .
Extension of this procedure (originally defined
in Minkowski spacetime) to curved, or multi-
connected space-time is considered, for instance, in Bir-
rel and Davies (1982): space-time curvature (spatial
curvature and expansion) modifies the modes. Multi-
connectedness modifies the limiting conditions and re-
stricts the admissible modes.
For a classical field with the field equations ( +
m2 + ξR)φ = 0 ( is the d’Alembertian in curved
space-time, R the Ricci scalar, and ξ a (conformal) cou-
pling), the proper modes are in general non covariant,
and depend on the coordinates system. The vacuum,
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obtained from the quantization procedure depends on
the choice of the proper modes. Applied to fields in
the vicinity of black holes, this gives their associated
temperature T = 18pi k M ; in de Sitter space, this gives
a temperature T = 18pi k a , a being the space-time cur-
vature radius. An accelerated observer (Rindler space-
time), looking at the inertial vacuum, sees a tempera-
ture T = a2pi k (the Unruh effect).
2.2.2 Topological Casimir effect
Birrel and Davis (1982) calculate, as an illustration,
the vacuum for a two dimensional static cylindrical
universe, with circumference L. For any field, and
thus for the modes, the cylindricity condition reads
Uk(x) = Uk(x+L) (periodical), or Uk(x) = Uk(x+nL)
(twisted). This restricts the possible modes and mod-
ifies in consequence the vacuum and the associated
momentum-energy tensor: instead of modes Uk(x) =
1
2ω e




i2pinx/L−iωt, with n an integer. The re-
sult is a perfect fluid contribution, with density and
pressure ρ = +p = −piL2 . The density appears to scale
∝ 1L2 , like that associated to a cosmological constant.
The stress-energy tensor, however, does not identify
with a cosmological constant term.
We have generalized this calculation in a 3+1 di-
mensional space-time IR2 × Sz × IRtime, with adia-
batic approximation (static space), to a scalar field,
with zero mass and no coupling. The result is a den-
sity ρ =< T00 >=
−pi2
90L4 , and other components of the
momentum energy tensor as
< Txx >=< Tyy >=< T00 >
< Tzz >= 3/2 < T00 > .
The tensor is not isotropic (z is the closed dimen-
sion). We lose the analogy with a perfect fluid or a cos-
mological constant term. We also lose the 1L2 scaling of





, is much smaller than any value of cos-
mological interest. This is, again, the vaccum energy
problem, arising when one tries to interpret the cosmo-
logical constant as a particle physics (here a quantum
field) effect.
By analogy, corresponding calculations have been
made for an hypertorus, with result also different from
a cosmological constant. Extensions to electromag-
netic and fermionic fields are expected to lead to smilar
forms and orders of magnitude. In the non static case,
the cosmic expansion makes the results more complex,












)3/2, a >> 0.
Elizalde and Kirsten (1994) and Goncharov (1982)
have calculated the cases of a toroidal space-time with
an arbitrary number of dimensions. Bytsenko and
Goncharov (1991) have obtained some partial results
for the case with negative spatial curvature.
2.3 Conclusion
The multi-connectedness of our universe remains a fas-
cinating possibility, favored by modern ideas in the-
oretical physics. Present observations apparently ex-
clude a multi-connected space much smaller than hori-
zon, for positive or null curvature. But space can be
multi-connected, with a scale much smaller than the
horizon, if the space curvature is negative (a result fa-
vored by recent observations).
Multiconnectedness (even with a scale comparable
to that of the horizon, although this would be very diffi-
cult to recognize) would lead to very interesting effects
concerning the development of the fluctuations leading
to the formation of the large scale structures, and to
the anisotropies of the CMB; and also the quantization
of fields, with a possible feedback onto the dynamics of
the universe.
Both kinds of effects thus deserve to be explored. In
addition, it is necessary to continue the efforts to detect
a possible multi-connectedness of space, especially in
the case of negative spatial curvature.
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Figure 5. Potential V (φ).
This short report is essentially based on our more
extended paper [1].
We assume a primordial a real scalar field φ = φ(t)
and a potential V (φ) as in the figure above, with a false
vacuum at φ0 in region A of the figure. V (φ0) acts
as a posititive cosmological constant; then Wheeler-
DeWitt’s equation for a spherical, homogeneous and
isotropic universe leads to the spontaneous creation
of a spacetime (cf. Gibbons [2]) M =MR ∪ ML,
where MR is one-half of de Sitter’s instanton with
topology S4 and ML is de Sitter’s spherical space-
time with topology R × S3. The latter’s scale factor
is R0cosh(t/R0)
We now extend this process to topologies S4/Γ,
R × (S3/Γ), respectively, where Γ is a subgroup of
the group of isometries Isom(S3) such that S3/Γ is
a 3-spherical manifold (see, for example, Lachie`ze-Rey
and Luminet’s review [3]), and S4/Γ is a 4-spherical
orbifold [4]. The idea is to have a control over the
volume (normalized to unity curvature) of the created
universe, which is 2pi2/(order of Γ).
Then we postulate a metric and topology change by
a quantum process, related to the potential barrierB in
the figure. This would be similar to the Bucher et al.’s
nucleation of bubbles by quantum tunneling. We are
working on an adaptation of the work of De Lorenci et
al. [5] to explain this transition, which leads to a de Sit-
ter spacetime with hyperbolic spatial metric and topol-
ogy R × (H3/Γ′), where H3/Γ′ is a closed hyperbolic
manifold. The scale factor is R(τ) = R0sinh(τ/R0),
which results in substantial inflation over the plateau
C. We take R0 = Planck’s length.
Finally a phase transition in the true vacuum region
D leads to the radiation era of a Friedmann’s spacetime
with the same closed topology, beginning the standard
(‘big bang’) cosmology.
A numerical example was worked out, with S3/Γ a
lens space L(50, 1) and H3/Γ′ Weeks manifold - see [3].
The present volume of this universe would be about
1/200 the volume of the observable space of images
- meaning that each source may produce up to 200
images.
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Abstract
All methods of constraining or detecting candidates
for the global topology of the Universe share the
same common principle: an object or a region of
space should be observed several times at, in gen-
eral, different angular positions and redshifts. In prac-
tice, whether using the cosmic microwave background
(CMB) or collapsed astrophysical objects, the practical
details of how an object or a region of space emits elec-
tromagnetic radiation (degree of local isotropy, evolu-
tion) imply that different strategies have to be adopted,
depending on which “standard candles” are used.
Contrary to popular opinion, it should be noted
that the claimed CMB “constraints” against small
flat multiply connected models are weak: these are
statements about the rarity of simulated perturbation
statistical properties required to match COBE data,
rather than about the consistency of the data with mul-
tiple topological imaging on the surface of last scatter-
ing.
4.1 Introduction: a spectrum of differ-
ing observational approaches
Since 1993, much new work in attempting to com-
pare observations with multiply connected Friedmann-
Lemaˆıtre models of the Universe has been carried out.
This pioneering work is branching out into many dif-
ferent and complementary directions, from cm wave-
lengths (CMB) to X-rays, from the Milky Way to
quasars to galaxy clusters to spots or patches on the
CMB, from close-up investigation of small numbers of
objects to first principles statistical analysis of large
would-be perfect catalogues, from demonstrations of
how significant detection of cosmic topology would pro-
vide constraints on the curvature parameters to how it
would enable measurement of transversal galaxy veloc-
ities.
It used to be customary to make strong claims that
“constraints” make the small universe idea “no longer
an interesting cosmological model”, but the renewed
interest in the subject will hopefully lead to more scien-
tifically worded statements including overt statements
of caveats.
The diversity and vigour of observational cosmic
topology is demonstrated by the fact that at this work-
shop we have a total of nine talks on observational ap-
proaches (Roukema, Pierre, Wichoski, Uzan, Weeks,
Inoue, Pogosyan, Levin, Bajtlik). The content of this
review itself is mostly found in the observational sec-
tion of Luminet & Roukema [7]. For reviews on cos-
mic topology in general, see Lachie`ze-Rey & Luminet
[4]; Starkman [14]; Luminet [6]; Luminet & Roukema
[7].
4.1.1 3-D methods
Marguerite Pierre explained to us how topology can
be used to search for topology. That is, how the 2-D
topology of density contours of hot gas to be detected
in X-rays by the XMM satellite will represent the lo-
cal geometry of structure at redshifts around unity and
higher, and can hence be compared to similar represen-
tations of the local geometry in the local few 100 Mpc
in order to find possible 3-D topological isometries be-
tween multiply imaged regions.
Ubi Wichoski took us back to basics. The possibil-
ity of identifying a high redshift image (as a quasar) of
our own Galaxy to enough detail in order to be able
to unambiguously prove that it must be an image of
the Galaxy has generally been dismissed as impracti-
cal for redshifts of unity or higher. However, the in-
creasing understanding of the Galaxy itself could, in
principle, lead to predictions such as the precise period
when the black hole likely to be at the centre was visi-
ble as a quasar. If this were precise enough, then a pair
of opposite quasars occurring at the correct time (and
probably in the direction of the rinj geodesic) might be
sufficient to provide a convincing candidate 3-manifold.
Statistical methods, either in their most ideal case
of an all-sky complete catalogue of isotropic unevolving
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emitters or at the other extreme of finding the few topo-
logical image pairs in the haystack of non-topological
pairs, are being further analysed. Jean-Phillippe Uzan
summarised the French (and Brazilian) work which
shows that the “crystallographic” (or non-normalised
two-point correlation function) method does not, in
general, work for hyperbolic multiply connected mod-
els. This was explained in terms of the different sorts of
pairs which, in the Euclidean case, contribute to spikes
in the histogram. However, variations on the method
such as regrouping all close pairs in the pair histogram
(correlating the correlation function) were mentioned
and are now in press [Uzan et al. 15].
4.1.2 2-D methods
The optimal two-dimensional (CMB) methods which
can lead to statements about the consistency or incon-
sistency of a candidate 3-manifold and CMB data with-
out making assumptions about the perturbation spec-
trum, methods based on the identified circles principle
[Cornish, Spergel & Starkman 2, 3], were presented by
Jeff Weeks.
For numerical comparison of models and observa-
tions, Weeks also pointed out some convenient math-
ematical devices for comparing hyperbolic, flat, and
elliptic models, in 2-D for illustration. Use the dot
product
〈(ax, ay, az), (bx, by, bz)〉 = axbx + ayby + azbz (4)
to represent geometrical operations on the surface
〈a, a〉 = 1, i.e. a sphere (S2) embedded in R3. Isome-
tries in S2 are represented by unitary real matrices
which multiply by vectors in R3 — using the dot prod-
uct. Then, converting the dot product to
〈(ax, ay, az), (bx, by, bz)〉 = axbx + ayby − azbz (5)
gives 3-D Minkowski space, i.e. like R3 but with the
implied metric from the new dot product. The surface
〈a, a〉 = 1 is now a hyperbolic surface, H2, instead of
a sphere, and isometries are represented by matrices
whose component vectors are orthonormal under the
new dot product. This of course generalises to the 3-D
case.
Although the perturbation simulation approach to
exploring CMB data has so far been used to make
statements about perturbation statistics rather than
directly about topology, the approach is still useful
and challenging computationally and mathematically.
Kaiki Taro Inoue demonstrated calculation of eigen-
modes in compact hyperbolic universes, which have
previously been considered as exceedingly difficult to
calculate.
Dmitri Pogosyan reminded us of the very thorough
CMB simulations for two hyperbolic models carried out
by himself and his collaborators. Janna Levin reviewed
her and her collaborators’ simulational work relating to
horn topologies and on ideas for pattern searching for
spots in the CMB as an alternative to the identified
circles method and the perturbation simulation meth-
ods.
4.1.3 Consequences
The consequences of multiple topological imaging are
not merely secondary questions which can lay in wait
for a discovery to be considered significant. If a correct
detection is made, it should help “fit pieces in a puz-
zle”. Stanislaw Bajtlik pointed out how multiple topo-
logical images of galaxy clusters could enable estima-
tion of galaxy velocities transversal to the line-of-sight.
Given a moderate scale photometric and spectroscopic
programme on a good telescope, this should tighten
understanding of dynamics of clusters, which would in
turn relate to dynamical estimates of the curvature pa-
rameters (Ω0, λ0), which ought to themselves be con-
sistent with the claimed topological detection. Such
self-consistent loops could enable a considerable range
of different physical arguments to be sharpened up so
that 10% would no longer be considered a high preci-
sion for observational estimates of cosmological param-
eters.
4.2 Comparison of different approaches
Although the different methods are given different
names, they all share the same principle: an astrophys-
ical collapsed object or a region of plasma at the epoch
of last scattering has to be viewed multiply in different
directions in order to reveal the multiple connectedness
of the Universe. The object or region of plasma should
ideally be a “standard candle” in order for a search or
an attempt to refute a candidate 3-manifold or a set of
candidate 3-manifolds to give a result with a minimum
of caveats.
The differences between the approaches then divide
into
(a) the choice of which standard candles to use (e.g.
those with a 3-D or a 2-D spatial distribution),
(b) the means of compensating for the observational
difficulties (i) to (vi) [§5.3 Luminet & Roukema
7; plus (vii) gravitational lensing] for those par-
ticular standard candles
(c) the choice of whether
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(c-i) to test self-consistency of positions of known
objects or plasma regions with 3-manifolds
or
(c-ii) to simulate structure in the Universe for
given 3-manifolds and estimate the proba-
bility that the statistical properties of the
observed structures could have been drawn
from distributions of those same properties
for the simulated structures.
A brief summary of the more recent choices for (a)
and (b) are listed in Table 3, and are discussed to some
extent in §5 of Luminet & Roukema [7]. The option
(c-ii) has (to the best knowledge of the author) only
been applied to COBE data, not to 3-D data, and,
apart from Roukema [10, 11] in which (c-i) is applied,
is the only alternative which has so far been applied to
COBE data.
Given that the assumptions generally made about
structure in the Universe, i.e. assumptions about
statistics of the perturbation spectrum, are based on
inflationary theory which is unlikely to predict, for ex-
ample, a flat multiply connected universe of less than
the horizon size, it can be expected that these assump-
tions fail at some level on the length scales approaching
that of the Universe. That is, the assumptions about
structure are unjustified theoretically at scales L where
L <∼ rinj < r+. (See Luminet & Roukema [7] for defini-
tions of rinj, r+.)
They are equally unjustified observationally: the
only observations known to reliably describe structure
on super-Gigaparsec scales are those of COBE — anal-
ysed under the assumption of simple connectedness.
The COBE data could, of course, be reanalysed under
a multiply connected hypothesis, and the properties of
the perturbations required in order to fit the model
could be presented. This would be a useful project to
carry out, and might result in a long list of candidate
multiply connected, small (2rinj ∼ 1 h−1Gpc?), flat
models which are consistent with COBE data...
4.3 Candidates versus constraints
The history of observational cosmology shows that
strong claims can be made which are mutually inconsis-
tent, and that systematic errors are often understated
or missed entirely.
A challenge for testing the solidity of the claimed
constraints on the values of rinj and r+ is to attempt
to correctly refute specific candidate 3-manifolds [e.g.
part (3) of Table 3], taking into account all the assump-
tions and analysing the possibilities that the assump-
tions may be wrong. This may help convince telescope
time committees that a thorough observational atti-
tude is being taken to cosmic topology.
4.4 Conclusion and suggestions for the
future
The rapidly increasing amount of data on scales of 1−
20h−1 Gpc, i.e. ∼ (0.1 − 2)RH1, the combination of
advantages and disadvantages of different objects or
emitting regions and the diversity of possible analysis
strategies imply that creativity and care in modifying
or combining the different approaches are likely to be
necessary in order to obtain a significant detection of
— or a significant RH scale constraint against — the
topology of the Universe.
The history of observational cosmology tells us that
“tricks” which may not even by theoretically under-
stood may be the key to making simple principles ap-
plicable.
For example, the supernova Ia calibration method
which makes SNe-Ia a better standard candle than be-
fore is essentially an empirical technique, but is giving
impressive results about the curvature parameters (Ω0
and λ0) based on the classical apparent magnitude–
redshift relation [Perlmutter et al. 8], which otherwise
was considered too inaccurate to apply in practice to
real astrophysical objects.
What “tricks” are possible to step around or correct
for the various problems listed in Table 3?
A related strategy for estimating the curvature pa-
rameters is the combination of SNe-Ia and COBE data,
which give “orthogonal” constraints on the relation be-
tween the two curvature parameters.
Could an analogy of this idea be useful in cosmic
topology?
Apart from analysis of new data sets, answers to
these questions may help extract information which is
present but hidden in existing data... Rendez-vous at
the next workshop.
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Table 3: Summary of the most recent methods and observational results, adapted from §5 of Luminet &
Roukema [7]. Author abbreviations are LLL96 (Lehoucq et al. [5]), RE97 (Roukema & Edge [13]), R96 (Roukema
[9]), CSS96/98 (Cornish, Spergel & Starkman [2, 3]), BPS98 (Bond, Pogosyan& Souradeep [1]), RB99 (Roukema
& Bajtlik [12]).
(1) Methods: g. clusters QSO’s CMB
3D:
clus opt cosmic crystallog. LLL 96
clus Xray brightest cluster RE 97
QSO’s local isom. search R 96
2D:
CMB ID’d circles CSS96/98
Cl — cutoff many
correlation fn BPS98
Ideal object:
no Evoln monotonic E strong E weak E?
zero pec velocity prob. small prob. small N
isotropic emitter Y (nearly) N Y/N
seen to large z Y (κ0 < 0), N (o.w.) Y Y
seen over large vol N Y Y (sph shell)
seen to |bII | ≪ 20◦ N N N
no g. lensing OK few ′′ ?
Assumptions on κ0, {gi}, ideal= none:






For the following special cases, but really testing perturbation spectrum assumptions:
κ0 = 0, if θ(gi, gj) = 90i
◦ or 60i◦, i ∈ Z then
(2rinj
>∼RH/2)




serendipitous 2σ implicit “preferable
to SCDM”
κ0 = 0 κ0 < 0? κ0 = −0.2
M˜/Γ = T 2 ×R [non-orientable] v3543(2,3)
2rinj (Ω0) = rinj = 0.95RH
965± 5h−1Mpc (1)
1190± 10h−1Mpc (0.2)
RE97, RB99 R96 BPS98
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Abstract
One of the possibilities to constrain the topology of
the Universe to the observational data is to search for
topological images of our own Galaxy. This method is
based on the idea that in a multi-connected Universe
we would, in principle, be able to see the light emitted
by our own Galaxy in the early stages of its evolution.
The significant identification of these images would give
us strong evidence that the topology of the Universe
may be non-trivial.
5.1 Introduction
In the standard big-bang model the Universe is
described by a spatially homogeneous isotropic
Friedmann-Lemaitre model. Mathematically this
model is represented by a 4-dimensional manifold M
endowed with a Lorentzian metric gab such that the
requirement that (M, g) is stably causal is fulfilled (for
terminology and mathematical definitions we refer the
reader to the excellent review by M. Lachie`ze-Rey and
J.-P. Luminet [1] and references therein, and for an
update [2] and [7]).
The homogeneity and isotropy imply that the cur-
vature of the 3-manifold that describes the spatial sec-
tion S of the spacetime 4-manifold (M, g) = (S ×T, g)
is constant. The spatial curvature can be parameter-
ized by a constant k = 1, 0,−1 describing the negative,
zero and positive cases respectively. In terms of the
Robertson-Walker metric [3]
ds2 = c2dt2 −R2(t){ dr
2
1− kr2 + r
2dθ2 + r2sin2θdφ2} ,
where R(t) is the scale factor.
The determination of the curvature of the Universe
is still an open question, and, in principle it depends
on the determination of the cosmological parameters
Ω0 and ΩΛ by the observations [4] (see [5] for a new
method by which Ω0 and ΩΛ can be precisely esti-
mated).
The determination of the curvature, however, is
related to the local properties of the spacetime, i.e.,
to the metric. It has been usually taken for granted
that the global properties of the spatial section of the
spacetime are those of a simply-connected 3-manifold:
The infinite hyperbolic spaceH3, the infinite Euclidean
plane E3, and the hypersphere S3. The spacetime
manifold is then represented by
• H3×T → in the case of hyperbolic spatial section
of negative constant curvature;
• E3×T → in the case of Euclidean spatial section
of null curvature;
• S3 × T → in the case of spherical spatial section
of positive curvature.
This assumption implies that the Universe in the
case of negative and zero curvature is spatially infinite.
No direct evidence that this assumption is correct has
been found.
If we drop the supposition that the spatial section
of the Universe is simply-connected, we allow for the
possibility that the spatial sections are multi-connected
3-manifolds. These spaces are compact in at least one
spatial dimension and their volume can be finite (in the
case it is compact in all three dimensions) irrespective
of the value of the curvature. There is an infinite num-
ber of topological classes related to multi-connected
3-manifolds [1].
A topological class is characterized by the fact that
any compact 3-manifoldM of constant curvature k can
be expressed as the quotient space M = M˜Γ , where M˜
is the universal covering space (M˜ = H3, E3, S3 for
k = −1, 0, 1 respectively) and Γ is a subgroup of isome-
tries of M˜ acting freely and discontinuously [1]. This
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implies that the multi-connected 3-manifold can be di-
vided into simply-connected domains (a tessellation of
M˜) any of which can be considered to be the so-called
fundamental polyhedron or fundamental cell.
The consequence of the multi-connectedness is that
there would exist more than one geodesic linking a
source to the observer which implies that an astronom-
ical object can have topological copies of itself. These
multiple images would be, in principle, visible simul-
taneously to an observer at a given time even for the
cases of constant curvature negative and zero (it is al-
ways possible in the case of constant positive curvature,
for ΩΛ values for which the Universe is old enough,
because S3 is compact). Nonetheless, they would, in
general, correspond to the object seen at different look-
back times. Apart from astrophysical conditions (see
below), the only requirement for the observation of the
topological images is that the size of the Universe must
be smaller than the horizon.
The observable Universe is a subset (interior of a
sphere) of the universal covering space, ie, the locus of
the images of the fundamental polyhedron within the
horizon diameter. There is one and only one topolog-
ical image of an object in each cell in which the uni-
versal covering space is tessellated. The images of the
astronomical objects lying inside the cell to which the
observer is placed are all considered in this paper to be
the real images of the object. The other images of the
object (lying in adjacent cells) are considered here to
be topological or ghost images (note that we are not
considering the case of gravitational lensing).
5.2 The search for topological images
To determine in which kind of Universe we live, besides
the standard cosmological parameters, we need an ex-
tra set of topological parameters: the specification of
the base manifold M˜ and its subgroup of isometries Γ.
In a way more suitable for the observations we instead
characterize the size of the fundamental polyhedron by
defining [6] the injectivity radius, rij , as half of the
smallest distance from an object to one of its topolog-
ical images; and the out-radius r+, the radius of the
smallest sphere in the covering space which totally in-
cludes the fundamental polyhedron.
As we have mentioned before, in a multi-connected
Universe, if the size of the horizon diameter is smaller
than the size of the Universe, it would be, in principle,
possible to observe topological images of an object.
It is reasonably well established that there is a lower
limit in the size of the Universe rinj > 100 Mpc [7].
The interest is in probing scales from that size up to
the horizon.
Based on 3-D methods from the previous work of
Demianski and Lapucha [8], Fagundes and Wichoski
[9], Roukema [10], and Roukema and Blanloeil [11]
we can draw the general characteristics of this kind of
search. Ideally, it would be possible to determine the
topology of the Universe by performing the following
method:
1. One of the three possible curvatures of the spatial
section of the spacetime manifold (negative, null,
or positive) is chosen based on theoretical reasons
and/or observational data or simplicity;
2. Next a topological class must be chosen, again
based on either theoretical reasons and/or obser-
vational data or simplicity;
3. An astronomical object (galaxy, cluster of galax-
ies, supercluster of galaxies, quasar, or a cosmic
microwave background photon emitting region)
must be chosen;
4. Calculations using the subgroup of isometries Γ
associated to the topology chosen applied to the
chosen object (or objects) give a pattern in the
sky to be searched (this step may be skipped see
[10]);
5. Search for the topological images of the object(s).
There are of course many difficulties in applying this
method:
1. The criterion for choosing the geometry can be
the recent data (e.g. high z SNe-Ia [12]), but
the criterion for choosing the topology is much
weaker and our present knowledge of the Uni-
verse allows us only to say that some topological
classes are disfavored. If simplicity is chosen we
may incur the same oversimplification that has
led us to the simply-connected topologies.
2. What kind of astronomical object would be more
suitable to be seen as a topological image? When
choosing a determined class of objects we have to
bear in mind that it is important to understand
the evolution of this class of objects. The recog-
nition of these objects in their earlier stages of
evolution depends on that.
3. The topological images may not all be visible:
• The more distant the topological image, the
weaker its luminosity;
• the emission can be non-isotropic (the ob-
ject could have different appearance when
observed by different angles);
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• regions of the intergalactic medium (IGM)
can absorb or scatter the light in its way to
the observer;
• topological images can be hidden behind an
astronomical object;
• distortions of the topological images due to
gravitational lensing could prevent us from
recognizing them;
• peculiar velocities can shift the topological
images (this is critical only if we are trying
to fit a specific topological model).
Searching for topological images of the Milky-
Way
Due to so many difficulties to fit a topological model we
can think of limiting the scope of the search program.
The basic idea is to observe a topological image of an
object without a particular topological model in mind.
In principle, because we have an insider’s view of
our Galaxy we are in an advantageous position to un-
derstand its evolution and peculiar characteristics. It
would allow us to recognize the Milky-Way in earlier
stages of its evolution as a topological image of itself.
Because of our privileged position in relation to the
topological images of the Milky-Way (for every high z
image of the Milky-Way, another image should exist
at the same z irrespective of topology, and in many
cases the second image will be antipodal to the first;
see [9]) the observation of some of them may be attain-
able before a full determination of a topological model
by other techniques. Other techniques for determin-
ing global topology could profit from these observa-
tions and start with a reduced parameter space. Given
the enormous numbers of comparisons of data points
required for methods which avoid prior assumption of
topology, this would be a a considerable advantage and
would make it easier to fit a topological model. In this
respect it is important to remark that the recognition
of just one topological image of the Milky-Way may
be enough to convince ourselves that we live in a Uni-
verse with multi-connected topology and with at least
one compact spatial dimension. The search for topo-
logical images of the Milky-Way may be not effective
to determine the topological class or even the signal
of the curvature. The scope of the search can be lim-
ited to the search of a single, if any, visible topological
image of the Milky-Way. Complementary methods us-
ing the topological images of the Milky-Way found by
the present method, as we have mentioned above, can
eventually take over the determination of the topolog-
ical model.
Considering the fact that galaxies are now found
with redshifts as large or maybe larger than those of
the quasars makes it pertinent to ask if we should look
for topological images of our Galaxy as a quasar or
as a high redshift galaxy. The answer again is in the
understanding of the evolution of our Galaxy. The
Sloan Digital Sky Survey (SDSS) and new satellites
as X-ray Multiple Mission (XMM) will provide more
and better data, this way improving the chances of
detecting quasars which could be the topological im-
ages of the center of our Galaxy, followed up by op-
tical/NIR imaging on large telescopes (VLT, Keck) to
see if the predecessors of the present thin disk, thick
disk, bulge, bar and halo components of the Galaxy
and the surrounding Local Group galaxies are present
around those same quasars.
We would like to stress here that we can consider
the search for the topological images of the Galaxy as
an intermediate method in the determination of the
topology of the Universe.
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Abstract
Although it has been argued that “small universes” be-
ing multiply connected on scales smaller than the parti-
cle horizon are ruled out, it is found that constraints on
compact multiply connected models with low matter-
density (flat or hyperbolic) are not stringent. Further-
more, compact hyperbolic models (Ω0 = 0.1 ∼ 0.2)
with volume comparable to the cube of the present
curvature radius are much favored compared to the
infinite counterparts due to the mild suppression on
large-angle power.
In the framework of modern cosmology, one often takes
it for granted that the spatial geometry of the uni-
verse with finite volume is limited to that of a 3-sphere.
However, if we assume that the spatial hypersurface is
multiply connected, then the spatial geometry of finite
models can be flat or hyperbolic as well. It should be
emphasized that “open” models can be closed by a cer-
tain set of appropriate identification maps, which have
long been ignored by cosmologists.
Since 1993, a number of articles concerned with
constraints on the topology of flat models with no cos-
mological constant using COBE-DMR data have been
published(Sokolov 1993; Stevens, Scott & Silk 1993; de
Oliveira, Smoot & Starobinsky 1996; Levin, Scanna-
pieco & Silk 1998). The large-angle temperature fluc-
tuations discovered by the COBE satellite constrain
the topological identification scale L (twice the injec-
tivity radius) larger than 0.4 times the diameter of the
observable region 4H−10 ;in other words, the maximum
expected number of copies of the fundamental domain
inside the last scattering surface is∼8 for compact flat
models without the cosmological constant2.
2The constraints are for models in which the diameter of the
space is comparable to twice the injectivity radius Rinj. How-
ever, if the diameter is much longer than Rinj, then the con-
Fluctuations on scales larger than the diameter of
the spatial hypersurface in every direction are strongly
suppressed although skewed fluctuations can have large
correlation length in some directions. If one assumes
the usual Harrison-Zeldovich type initial power, then
the large-angle power is strongly suppressed for small
compact models without the cosmological constant.
In contrast, a large amount of large-angle fluctua-
tions can be produced for compact low density models
due to the decay of gravitational potential near the
present epoch which is known as the integral Sachs-
Wolfe effect(Cornish, Spergel & Starkman 1998). If the
spatial geometry is sufficiently flat or hyperbolic then
the physical distance of two separated points which
subtends a fixed angle at the observation point becomes
larger as the points are put at distant places. Large-
angle fluctuations can be generated at late epoch when
the fluctuation scale “enters” the topological identifi-
cation scale L. Recent statistical analyses using only
the power spectrum have shown that the constraints on
the topology are not stringent for small compact hyper-
bolic (CH) models including the smallest (Weeks) and
the second smallest (Thurston) known manifolds and
an non-arithmetic orbifold (Cornish & Spergel 2000,
Inoue 2000a, Aurich 1999).
These results are clearly at odds with the previous
constraints (Bond, Pogosyan & Souradeep 1998,2000)
on CH models based on pixel-pixel correlation statis-
tics. They claim that the statistical analysis using only
the power spectrum is not sufficient since it can de-
scribe only isotropic (statistically spherically symmet-
ric) correlations. This is true inasmuch one considers
fluctuations observed from a particular point. Because
any CH manifolds are globally anisotropic, expected
fluctuations would be statistically globally anisotropic
at a particular point.
In order to constrain CH models, it is necessary
to compare the expected fluctuation patterns observed
from any place for all the possible orientations of the
straints are not so stringent(Roukema 2000).
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Figure 6: Plots of likelihoods (marginalized over normalization Q =
√
5C2/(4pi)) in descending order for the
Thurston models (Ω0 = 0.2, 0.4) L over that for the simply connected Einstein-de Sitter model Lf for each one
of the total of 10000 realizations (100 positions and 100 orientations of the observer). The toy map is produced
by one realization in the simply connected Einstein-de Sitter model(Cl ∝ 1/(l(l + 1))) that is similar to the
COBE data on large-angle scales. Initial fluctuations are assumed to be Gaussian. All multipoles except for
2 ≤ l ≤ 5 are ignored. In each plot, the upper and the lower horizontal lines denote the value of the likelihood
in which anisotropic components in the two-point correlation are neglected(Gaussian approximation), the value
of the averaged likelihood in which all components are included(“rigorous method”), respectively.
observer to the data since CH manifolds are also glob-
ally inhomogeneous. It should be emphasized that the
constraints obtained in the previous analyses are only
for CH models at a particular observation point Q
where the injectivity radius is locally maximum for 24
particular orientations. The point Q is rather special
one in the sense that some of the mode functions (eigen-
functions of the Laplacian) have a symmetric structure.
It is often the case that the base point Q becomes a
fixed point of symmetries of the Dirichlet domain or
the manifold.
In order to see the dependence of the likelihood on
the position and the orientation of the observer, tem-
perature correlations in the Thurston models Ω0 = 0.2
and Ω0 = 0.4 without the cosmological constant are
compared with one realization of fluctuations in the
Einstein-de-Sitter model with an angular power Cl ∝
1/(l(l + 1)) at 24 pixels (resolution 2). We use the
pixel-pixel based Bayesian likelihood analysis for test-
ing these models. To reduce the computation time,
we cut all multipoles l > 5 as well as monopole and
dipole. In this work, the first 36 eigenmodes obtained
by the direct boundary element method were used. If
correlations due to the non-trivial topology are irrec-
oncilable to the COBE-DMR data, the likelihoods will
be considerably worse than those using only the angu-
lar power spectra.
However, as shown in figure 1, the obtained like-
lihoods marginalized over the normalization (Q =√
5C2/(4pi)) in the power, the position and the ori-
entation of the observer are found to be comparable to
that using only the power spectrum. The distribution
of the likelihood function has some peaks at a partic-
ular choice of position and orientation of the observer.
The likelihoods are dominated by only 2 to 3 percent
of the 10000 realizations. As was pointed out by Bond
et al, the predicted correlation patterns are preferred
over the infinite counter part for some specific choices
while most choices of the position and orientation are
ruled out.
The result is not surprising if one takes the pseudo-
random behavior of the mode functions into account
(Inoue 2000b). Each choice of position and orienta-
tion of the observer corresponds to a “realization” of
independent random Gaussian numbers. By taking an
average over the position and the orientation, a set of
anisotropic patterns all over the place in the CH space
comprises an almost isotropic random field. Consider
two realizations A and B of such an isotropic random
field. The chance you would get an almost similar fluc-
tuation pattern for A and B would be very low but
we do have such an occasion. Similarly, likelihoods
at some particular position and orientation are usually
very low but there are cases where the likelihoods are
considerably high.
Assuming that the initial perturbations are also
Gaussian, then the expected fluctuations are described
by an isotropic non-Gaussian random field. The dis-
tribution functions of the expansion coefficients of the
fluctuations on the sky have a peak at the expecta-
tion value (= 0) and decrease slowly in the large limit
compared with the Gaussian one with the same vari-
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ance since the fluctuations are written in terms of the
sum of products of two independent Gaussian variables
determined by the initial condition and the geometry
of the background space, respectively (Inoue 2000b).
The cosmic variances at large angle-scales are some-
what larger than that for the Gaussian models since
the effect of the “geometric” variance due to the global
inhomogeneity of the background space.
On the other hand, if we assume a uniform prior
probability for the initial fluctuations having the same
wave-number dependence as the extended Harrison-
Zeldovich spectrum, then the fluctuations can be well
described as isotropic Gaussian fields owing to the
pseudo-Gaussianity in the mode functions. Note that
the power spectrum completely specifies the correlation
structure for any Gaussian models. If there is no nearly
perfect alignment to the expected values in the data,
we expect that the statistical tests using this Gaus-
sian approximation give lower bounds for the likelihood
since the cosmic variance takes the minimum value for
an isotropic Gaussian field. Thus the constraints ob-
tained using only the power spectrum can be verified.
Bayesian analyses for the Weeks and the Thurston
models with or without the cosmological constant have
been done using the inverse-noise-variance-weighted
averagemap of the 53A,53B,90A and 90B COBE-DMR
channels(Inoue 2000c). In the analyses, the Gaussian
approximation was used. Surprisingly, it is found that
these models are much favored than the infinite coun-
terparts for Ω0 = 0.1 ∼ 0.2. This is because the excess
of large-angle power due to the integrated Sachs-Wolfe
effect is reduced owing to the mode cut-off.
What about compact flat models with the cosmo-
logical constant? From the full Bayesian analyses it is
found that the possible number of the copies of the fun-
damental domain inside the observable region is 50-60
for a flat 3-torus model with ΩΛ = 0.9 (Inoue 2000c).
In contrast to CH manifolds, flat 3-torus is globally ho-
mogeneous and the fluctuations cannot be statistically
isotropic. The large-angle suppression is not stringent
but the angular powers have a jagged structure ow-
ing to the global anisotropy. Even though, the small
signal-to-noise ratio in the COBE data on small angu-
lar scales l > 15 makes it difficult to determine whether
a prominent jagged power is observationally allowed or
not.
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Abstract
We provide an informal discussion of pattern forma-
tion in a finite universe. The global size and shape of
the universe is revealed in the pattern of hot and cold
spots in the cosmic microwave background. Topolog-
ical pattern formation can be used to reconstruct the
geometry of space, just as gravitational lensing is used
to reconstruct the geometry of a lens.
We have all come to accept that spacetime is
curved. Yet the idea that space is topologically con-
nected still meets with resistance. One is no more ex-
otic than the other. In the true spirit of Einstein’s rev-
olution, gravity is a theory of geometry and geometry
has two facets: curvature and topology.
The big bang paradigm forces us to consider the
topology of the universe. As best as we can ascertain,
when the universe was created both gravity and quan-
tum mechanics were at work. Any theory which incor-
porates gravity and quantum mechanics must assign a
topology to the universe. String theory is currently the
most powerful model which naturally hosts gravity in
a unified framework. It should not be overlooked that
in string theory there are six extra dimensions all of
which must be topologically compact. In order to cre-
ate a viable low-energy theory, the internal dimensions
are finite Calabi-Yau manifolds. We naturally won-
der why a universe would be created with six compact
dimensions and four infinite ones. A more equitable
beginning might create all spatial dimensions compact
and of comparable size. Six dynamically squeeze down
while the other three inflate. In fact, it is dynamically
possible for inflation of 3-space to be kinetically driven
by the contraction of internal dimensions [1]. What-
ever mechanism stabilizes the internal dimensions at a
small size would likewise stabilize the external dimen-
sions at an inversely large size. Topology need not be
at odds with inflation.
Another interesting possibility is that the topology
itself naturally selects the expansion of 3-dimensions
and the contraction of 6. The topology can create
boundary contributions to an effective cosmological
constant. The sign and magnitude of the vacuum en-
ergy depends on the topology and it is conceivable that
it selects three dimensions for expansion and three for
contraction in a kind of inside/out inflation. In the
wake of the recent observational evidence that there is
a cosmological constant today, the pursuit of these cal-
culations is worthwhile. Perhaps we are still inflating
as the vacuum energy tracks the topology scale.
Our quest to measure the large-scale curvature of
the universe may also produce a measurement of the
topology. (For a review and a collection of papers see
[2; 3].) Topological lensing of the cosmic microwave
background (CMB) results in multiple images of the
same points in different directions. Pattern formation
in the universe’s hot and cold spots reveals the global
topology [4; 5]. Just as with gravitational lensing, the
location, number and distribution of repeated points
will allow the reconstruction of the geometry. The cir-
cles of Ref. [6] are specific collections of topologically
lensed points.
We demonstrate topological pattern formation
with the Thurston space, popular in homage to the
Thurston person [7]. The space corresponds to
m003(−2, 3) in the SnapPea census [8]. A CMB map
of the sky does not immediately reveal the geometry.
If we scan the sky for correlations between points we
can draw out the hidden pattern. There are an infinite
number of possible correlated spheres. The sphere of
fig. 7 is antipody; the correlation of every point on the









In an infinite universe, light originating from oppo-
site directions would be totally uncorrelated. The en-
semble average antipodal correlation would produce a
monopole with no structure. In a finite universe by
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Figure 7: The correlation of every point on the sky
with its opposite in the finite Thurston manifold.
contrast, light which is received from opposite direc-
tions may in fact have originated from the same loca-
tion and simply took different paths around the finite
cosmos. The antipody map would then show structure
as it caught the recurrence of near or identical sources.
Again, the analogy with gravitational lensing is appar-
ent.
We estimate antipody following the method of Ref.
[4]. We take the correlation between two points to
be the correlation they would have in an unconnected,
infinite space given their minimum separation. The
curvature is everywhere negative and the spectrum of
fluctuations are taken to be flat and Gaussian, even
in the absence of inflation. This is justified on a com-
pact, hyperbolic space since, according to the tenents
of quantum chaos, the amplitude of quantum fluctua-
tions are drawn from a Gaussian random ensemble with
a flat spectrum consistent with random matrix the-
ory. To find the minimum distance we move the points
under comparison back into the fundamental domain
using the generators for the compact manifold. The re-
sult for the Thurston space with Ωo = 0.3 is shown in
fig. 7. Notice the interesting arcs of correlated points.
Clearly there is topological lensing at work. Arcs were
also found under antipody for the Weeks space in Ref.
[4]. If antipody were a symmetry of the space then at
least some circles of correlated points representing the
intersection of copies of the surface of last scatter with
itself would have been located [6], as were found for
the Best space [4]. Antipody is by definition symmet-
ric under a rotation by pi and so the back of the sphere
is identical to the front.
There are an infinite number of correlated spheres
which can be used to systematically reconstruct the ge-
ometry of the fundamental domain. Another example
is a correlation of one point in the sky with the rest of
Figure 8: The correlation of one point on the sky with
the rest of the sphere in the Thurston space. There











This selects out recurrent images of the one point. In
an unconnected, infinite space, the sphere would only
show one spot, namely the correlation of the point with
itself. In fig. 8 we have a kaleidescope of images pro-
viding detailed information on the underlying space.
There is a trifold symmetry in fig. 8. Notice that there
is a band of points moving from the middle upward ver-
tically which then bends over to the left and that this
band repeats twice making an overall three-pronged
swirl emanating from the middle of the figure. Since
this correlated sphere is not symmetric under pi, we
also show the back of the sphere in fig. 9. A different
pattern emerges but still with the tri-fold symmetry.
There is a three-leaf arrangement of spots in the cen-
ter of the figure.
We need the improved resolution and signal-to-
noise of the future satellite missions MAP and Planck
Surveyor to observe topological pattern formation.
High resolution information will be critical in distin-
guishing fictitious correlations from real spots. Beyond
the CMB, a finite universe would sculpt the distribu-
tion of structure on the largest scales. Even if we never
see repeated images of galaxies or clusters of galaxies,
the physical distribution of matter could be shaped by
the shape of space. The topological identifications se-
lect discrete modes and the modes themselves can in
turn trace the identifications. The result is an over-
all web of primordial fluctuations in the gravitational
potential specific to the finite space. A web-like dis-
tribution of matter would then be inherent in the ini-
tial primordial spectrum [9]. This is different from the
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Figure 9: The back of fig. 8. The tri-fold symmetry
is again apparent with the three-leaf pattern in the
middle of the sphere.
structureless distribution of points one would expect in
an infinite cosmos.
We close with the more fanciful possibility that even
time is compact. If time is compact, every event would
repeat precisely as set by the age of the universe. Only
a universe which is able to naturally return to its own
infancy could be consistent with a closed time loop. A
big crunch which feeds another big bang could allow
our entire history to repeat. The same galaxies form
and the same stars and planets and people. Even a
proponent of free will can see that at the very least we
would be limited in the choices we are or are not free
to make. We would live out the same lives, make the
same choices, make the same mistakes. Of course, in
a quantum creation of the universe, different galaxies
would form in different locations composed of differ-
ent stars and new planets. We would not be here but
chances are, someone would. Even if our CMB sky does
not look like the Thurston pattern, perhaps someone’s
does.
JL thanks the participants and organizers of
CTP98.
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